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ABSTRACT
❲❡ t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❝❤❡❞✉❧✐♥❣ t❛s❦ ❣r❛♣❤s ♦♥t♦ ❛ ❤❡t✲
❡r♦❣❡♥❡♦✉s s❡t ♦❢ ♠❛❝❤✐♥❡s✱ ✇❤❡r❡ ❡❛❝❤ ♣r♦❝❡ss♦r ❤❛s ❛ ♣r♦❜✲
❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡ ❣♦✈❡r♥❡❞ ❜② ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❧❛✇✳ ❚❤❡ ❣♦❛❧
✐s t♦ ❞❡s✐❣♥ ❛❧❣♦r✐t❤♠s t❤❛t ♦♣t✐♠✐③❡ ❜♦t❤ ♠❛❦❡s♣❛♥ ❛♥❞ r❡✲
❧✐❛❜✐❧✐t②✳ ❋✐rst✱ ✇❡ ♣r♦✈✐❞❡ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠
❢♦r ✐♥❞❡♣❡♥❞❡♥t ✉♥✐t❛r② t❛s❦s ✇❤❡r❡ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠❛①✲
✐♠✐③❡ t❤❡ r❡❧✐❛❜✐❧✐t② s✉❜❥❡❝t t♦ ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥✳ ❋♦r
t❤❡ ❜✐✲❝r✐t❡r✐❛ ❝❛s❡✱ ✇❡ ♣r♦✈✐❞❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ❛♣♣r♦①✐✲
♠❛t❡s t❤❡ P❛r❡t♦✲❝✉r✈❡✳ ◆❡①t✱ ❢♦r ✐♥❞❡♣❡♥❞❡♥t ♥♦♥✲✉♥✐t❛r②
t❛s❦s✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♣r♦❞✉❝t ④❢❛✐❧✉r❡ r❛t❡⑥× ④✉♥✐t❛r②
✐♥str✉❝t✐♦♥ ❡①❡❝✉t✐♦♥ t✐♠❡⑥ ✐s ❝r✉❝✐❛❧ t♦ ❞✐st✐♥❣✉✐s❤ ♣r♦❝❡s✲
s♦rs ✐♥ t❤✐s ❝♦♥t❡①t✳ ❇❛s❡❞ ♦♥ t❤❡s❡ r❡s✉❧ts ✇❡ ❛r❡ ❛❜❧❡ t♦
❧❡t t❤❡ ✉s❡r ❝❤♦♦s❡ ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ r❡❧✐❛❜✐❧✐t② ♠❛①✐♠✐③❛✲
t✐♦♥ ❛♥❞ ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥✳ ❋♦r ❣❡♥❡r❛❧ t❛s❦ ❣r❛♣❤s
✇❡ ♣r♦✈✐❞❡ ❛ ♠❡t❤♦❞ ❢♦r ❝♦♥✈❡rt✐♥❣ s❝❤❡❞✉❧✐♥❣ ❤❡✉r✐st✐❝s
♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ❝❧✉st❡r ✐♥t♦ ❤❡✉r✐st✐❝s t❤❛t t❛❦❡ r❡❧✐❛❜✐❧✐t②
✐♥t♦ ❛❝❝♦✉♥t✳ ❍❡r❡ ❛❣❛✐♥✱ ✇❡ s❤♦✇ ❤♦✇ ✇❡ ❝❛♥ ❤❡❧♣ t❤❡ ✉s❡r
t♦ s❡❧❡❝t ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ♠❛❦❡s♣❛♥ ❛♥❞ r❡❧✐❛❜✐❧✐t②✳
Categories and Subject Descriptors
❈✳✹ ❬P❡r❢♦r♠❛♥❝❡ ♦❢ ❙②st❡♠s❪✿ ❬❘❡❧✐❛❜✐❧✐t②✱ ❛✈❛✐❧❛❜✐❧✐t②✱
❛♥❞ s❡r✈✐❝❡❛❜✐❧✐t②❪❀ ❈✳✷✳✹ ❬❈♦♠♣✉t❡r✲❈♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✲
✇♦r❦s❪✿ ❉✐str✐❜✉t❡❞ ❙②st❡♠s✖❉✐str✐❜✉t❡❞ ❛♣♣❧✐❝❛t✐♦♥s
General Terms
❆❧❣♦r✐t❤♠s✱❘❡❧✐❛❜✐❧✐t②✱ P❡r❢♦r♠❛♥❝❡
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1. INTRODUCTION
❯♥❧✐❦❡ ❤♦♠♦❣❡♥❡♦✉s ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡s✱ ❤❡t❡r♦❣❡♥❡♦✉s s②s✲
t❡♠s ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ❝♦♠♣✉t❡rs ✇✐t❤ ❞✐✛❡r❡♥t s♣❡❡❞s✳ ❆s
t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❝♦♥♥❡❝t❡❞ ❤❡t❡r♦❣❡♥❡♦✉s r❡s♦✉r❝❡s ✐s ❣r♦✇✲
✐♥❣ tr❡♠❡♥❞♦✉s❧②✱ t❤❡ ♥❡❡❞ ❢♦r ❛❧❣♦r✐t❤♠✐❝ s♦❧✉t✐♦♥s t❤❛t ❡❢✲
✜❝✐❡♥t❧② ✉s❡ s✉❝❤ ♣❧❛t❢♦r♠s ✐s ✐♥❝r❡❛s✐♥❣ ❛s ✇❡❧❧✳ ❖♥❡ ♦❢ t❤❡
❦❡② ❝❤❛❧❧❡♥❣❡s ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣✉t✐♥❣ ✐s t❤❡ s❝❤❡❞✉❧✐♥❣
♣r♦❜❧❡♠✳ ●✐✈❡♥ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♠♦❞❡❧❡❞ ❜② ❛ ❞❡♣❡♥❞❡♥❝❡
❣r❛♣❤✱ t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ❞❡❛❧s ✇✐t❤ ♠❛♣♣✐♥❣ ❡❛❝❤ t❛s❦
♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦♥t♦ t❤❡ ❛✈❛✐❧❛❜❧❡ ❤❡t❡r♦❣❡♥❡♦✉s r❡s♦✉r❝❡s
✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ r✉♥t✐♠❡ ✭♠❛❦❡s♣❛♥✮✳
❚❤✐s ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r ②❡❛rs
❛♥❞ ✐s ❦♥♦✇♥ t♦ ❜❡ ◆P✲❤❛r❞✳ ❙❡✈❡r❛❧ ❤❡✉r✐st✐❝s ❤❛✈❡ ❜❡❡♥
♣r♦♣♦s❡❞ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ❬✽✱ ✹✱ ✷❪✳ ❍♦✇❡✈❡r✱ ❛s ❤❡t❡r♦✲
❣❡♥❡♦✉s s②st❡♠s ❜❡❝♦♠❡ ❧❛r❣❡r ❛♥❞ ❧❛r❣❡r✱ t❤❡ ✐ss✉❡ ♦❢ r❡❧✐❛✲
❜✐❧✐t② ♦❢ s✉❝❤ ❛♥ ❡♥✈✐r♦♥♠❡♥t ♥❡❡❞s t♦ ❜❡ ❛❞❞r❡ss❡❞✳ ■♥❞❡❡❞✱
t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ❢❛✐❧✉r❡s ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡
❤❛r❞✇❛r❡✳ ❚❤❡r❡❢♦r❡✱ ♥♦✇❛❞❛②s✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ✐❣♥♦r❡
t❤❡ ❢❛❝t t❤❛t ❛♥ ❛♣♣❧✐❝❛t✐♦♥ r✉♥♥✐♥❣ ♦♥ ❛ ✈❡r② ❧❛r❣❡ s②st❡♠
❝❛♥ ❝r❛s❤ ❞✉❡ t♦ ❤❛r❞✇❛r❡ ❢❛✐❧✉r❡✳ ❙❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s ❝❛♥
❜❡ ❡♠♣❧♦②❡❞ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✳ ❖♥❡ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞
♦♥ t❛s❦ ❞✉♣❧✐❝❛t✐♦♥ ✇❤❡r❡ ❡❛❝❤ t❛s❦ ✐s ❡①❡❝✉t❡❞ ♠♦r❡ t❤❛♥
♦♥❝❡ ✐♥ ♦r❞❡r t♦ ❞❡❝r❡❛s❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡✳ ❚❤❡
♠❛✐♥ ♣r♦❜❧❡♠ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❛t ✐t ✐♥❝r❡❛s❡s t❤❡ ♥✉♠✲
❜❡r ♦❢ r❡q✉✐r❡❞ ♣r♦❝❡ss♦rs✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦
❝❤❡❝❦♣♦✐♥t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ r❡st❛rt t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❛❢t❡r
❛ ❢❛✐❧✉r❡ ❬✸✱ ✶❪✳ ❍♦✇❡✈❡r✱ ✐♥ ❝❛s❡ ♦❢ ❢❛✐❧✉r❡✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s
s❧♦✇❡❞ ❞♦✇♥ ❜② t❤❡ r❡st❛rt ♠❡❝❤❛♥✐s♠✱ ✇❤✐❝❤ r❡q✉✐r❡s t❤❡
✉s❡r t♦ r❡st❛rt t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦♥ ❛ s✉❜s❡t ♦❢ ♣r♦❝❡ss♦rs ❛♥❞
r❡♣❡❛t s♦♠❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥s✳ ❍❡♥❝❡✱ ✐♥
♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ r❡st❛rt ♠❡❝❤❛♥✐s♠✱ ✐t
✐s ✐♠♣♦rt❛♥t t♦ r❡❞✉❝❡ t❤❡ r✐s❦ ♦❢ ❢❛✐❧✉r❡✳ ▼♦r❡♦✈❡r✱ ❡✈❡♥
✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ✐s ♥♦ ❝❤❡❝❦♣♦✐♥t✲r❡st❛rt ♠❡❝❤❛♥✐s♠✱
✐t ✐s ✐♠♣♦rt❛♥t t♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡
♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❦❡♣t ❛s ❧♦✇ ❛s ♣♦ss✐❜❧❡✳ ❯♥❢♦rt✉♥❛t❡❧②✱
❛s ✇❡ ✇✐❧❧ s❤♦✇ ✐♥ t❤✐s ♣❛♣❡r✱ ✐♥❝r❡❛s✐♥❣ t❤❡ r❡❧✐❛❜✐❧✐t② ✐♠✲
♣❧✐❡s✱ ♠♦st ♦❢ t❤❡ t✐♠❡✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ✭❛
❢❛st s❝❤❡❞✉❧❡ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ r❡❧✐❛❜❧❡ ♦♥❡✮✳ ❚❤✐s ❥✉st✐✜❡s
t❤❡ s❡❛r❝❤ ❢♦r ❛❧❣♦r✐t❤♠s t❤❛t ❜♦t❤ ♠✐♥✐♠✐③❡ ♠❛❦❡s♣❛♥ ❛♥❞
♠❛①✐♠✐③❡ r❡❧✐❛❜✐❧✐t②✳
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ t❛❦❡ ♦♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❝❤❡❞✉❧✐♥❣ ❛♥ ❛♣✲
♣❧✐❝❛t✐♦♥ ♠♦❞❡❧❡❞ ❜② ❛ t❛s❦ ❣r❛♣❤ ♦♥ ❛ s❡t ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s
r❡s♦✉r❝❡s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡s ❛r❡ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛❦❡s♣❛♥
❛♥❞ t♦ ♠❛①✐♠✐③❡ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡ s❝❤❡❞✉❧❡✳ ■♥ t❤❡ ❧✐t❡r✲
❛t✉r❡✱ t❤✐s ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❬✺✱ ✻✱ ✼❪✱ ❜✉t ♥♦t ❢r♦♠
❛ t❤❡♦r❡t✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ■♥ ❬✺❪✱ ❉♦❣❛♥ ❛♥❞
❖③❣ü♥❡r ♣r♦♣♦s❡❞ ❛ ❜✐✲❝r✐t❡r✐❛ ❤❡✉r✐st✐❝ ❝❛❧❧❡❞ ❘❉▲❙✳ ■♥ ❬✻❪✱
t❤❡ s❛♠❡ ❛✉t❤♦rs ✐♠♣r♦✈❡❞ t❤❡✐r s♦❧✉t✐♦♥ ✉s✐♥❣ ❛ ❣❡♥❡t✐❝
❛❧❣♦r✐t❤♠ ❜❛s❡❞ ❛♣♣r♦❛❝❤✳ ■♥ ❬✼❪✱ ❍❛❦❡♠ ❛♥❞ ❇✉t❡❧❧❡ ♣r♦✲
♣♦s❡❞ ❇❙❆✱ ❛ ❜✐✲❝r✐t❡r✐❛ ❤❡✉r✐st✐❝ t❤❛t ♦✉t♣❡r❢♦r♠s ❘❉▲❙✳
❍♦✇❡✈❡r ❛❧❧ t❤❡s❡ r❡s✉❧ts ❛r❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡
✇❤❡r❡ t❤❡ t❛s❦ ❣r❛♣❤ ✐s ✉♥str✉❝t✉r❡❞✳ ❲❡ ❧❛❝❦ ❢✉♥❞❛♠❡♥t❛❧
s♦❧✉t✐♦♥s ❢♦r t❤✐s ♣r♦❜❧❡♠✳ ❙♦♠❡ ✉♥❛♥s✇❡r❡❞ q✉❡st✐♦♥s ❛r❡✿
• ■s ♠❛①✐♠✐③✐♥❣ t❤❡ r❡❧✐❛❜✐❧✐t② ❛ ❞✐✣❝✉❧t ✭◆P✲❍❛r❞✮ ♣r♦❜✲
❧❡♠❄
• ■s ✐t ♣♦ss✐❜❧❡ t♦ ✜♥❞ ♣♦❧②♥♦♠✐❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠
❢♦r s♣❡❝✐❛❧ ❦✐♥❞ ♦❢ t❛s❦ ❣r❛♣❤❄
• ■s ✐t ♣♦ss✐❜❧❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤✐s ♣r♦❜❧❡♠❄
• ❈❛♥ ✇❡ ❜✉✐❧❞ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s❄
• ❍♦✇ t♦ ❤❡❧♣ t❤❡ ✉s❡r ✐♥ ✜♥❞✐♥❣ ❛ ❣♦♦❞ tr❛❞❡✲♦✛ ❜❡✲
t✇❡❡♥ r❡❧✐❛❜✐❧✐t② ❛♥❞ ♠❛❦❡s♣❛♥❄
❚❤❡ ❝♦♥t❡♥t ❛♥❞ t❤❡ ♦r❣❛♥✐③❛t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ❛r❡ ❛s ❢♦❧✲
❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥ ❛♥❞ t❤❡ ❞❡✜✲
♥✐t✐♦♥ ♦❢ r❡❧✐❛❜✐❧✐t② ❛♥❞ ♠❛❦❡s♣❛♥✳ ■♥ s❡❝t✐♦♥ ✸✱ ✇❡ ❞❡s❝r✐❜❡
t❤❡ ♣r♦❜❧❡♠ ♠♦r❡ ♣r❡❝✐s❡❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ t❤❛t
♠❛①✐♠✐③✐♥❣ t❤❡ r❡❧✐❛❜✐❧✐t② ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♣r♦❜❧❡♠ ❛♥❞ ✐s
s✐♠♣❧② ♦❜t❛✐♥❡❞ ❜② ❡①❡❝✉t✐♥❣ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ♣r♦✲
❝❡ss♦rs t❤❛t ❤❛✈❡ t❤❡ s♠❛❧❧❡st ♣r♦❞✉❝t ♦❢ ④❢❛✐❧✉r❡ r❛t❡⑥ ❛♥❞
④✉♥✐t❛r② ✐♥str✉❝t✐♦♥ ❡①❡❝✉t✐♦♥ t✐♠❡⑥ s❡q✉❡♥t✐❛❧❧②✳ ❚❤✐s ♠❡❛♥s
t❤❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥ ✐s ❝♦♥tr❛❞✐❝t♦r② t♦ t❤❡ ♦❜✲
❥❡❝t✐✈❡ ♦❢ ♠❛①✐♠✐③✐♥❣ t❤❡ r❡❧✐❛❜✐❧✐t②✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s❤♦✇
t❤❛t ❢♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❛♣♣r♦①✐♠❛t✐♥❣ ❜♦t❤ ❝r✐t❡r✐❛ ❛t t❤❡
s❛♠❡ t✐♠❡ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ■♥ s❡❝t✐♦♥ ✹✱ ✇❡ st✉❞② t❤❡ ♣r♦❜❧❡♠
♦❢ s❝❤❡❞✉❧✐♥❣ ❛ s❡t ♦❢ ✉♥✐t❛r② ✭❡❛❝❤ t❛s❦s ❤❛✈❡ t❤❡ s❛♠❡ ❞✉r❛✲
t✐♦♥ ✿ ♦♥❡ ✐♥str✉❝t✐♦♥✮ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s✳ ❋♦r t❤✐s ❝❛s❡✱
✇❡ ♣r♦♣♦s❡ ❛♥ ♦♣t✐♠❛❧ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♣r♦❜❧❡♠ t❤❛t ♠❛①✐✲
♠✐③❡s t❤❡ r❡❧✐❛❜✐❧✐t② s✉❜❥❡❝t t♦ ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥✳ ❲❡
❛❧s♦ ♣r♦♣♦s❡ ❛♥ ✭✶✰ǫ✱✶✮ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ P❛r❡t♦✲❝✉r✈❡✶
♦❢ t❤❡ ♣r♦❜❧❡♠ ✭t❤❡s❡ t❡r♠s ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❧❛t❡r✮✳ ❚❤✐s
♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ♣r♦✈✐❞❡ ❛ s❡t ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ ♣r♦❜❧❡♠
✭t❤❡ s✐③❡ ♦❢ t❤✐s s❡t ❜❡✐♥❣ ♣♦❧②♥♦♠✐❛❧✮ t❤❛t ❛♣♣r♦①✐♠❛t❡s✱ ❛t
❛ ❝♦♥st❛♥t r❛t✐♦✱ ❛❧❧ t❤❡ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥✴r❡❧✐❛❜✐❧✐t② tr❛❞❡✲
♦✛s✳ ■♥ s❡❝t✐♦♥ ✺✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣r♦❜❧❡♠ ❢♦r ♥♦♥✲✉♥✐t❛r②
✐♥❞❡♣❡♥❞❡♥t t❛s❦s✳ ❲❡ ♣r♦♣♦s❡ ❛♥ ❛♣♣r♦❛❝❤ t♦ ❤❡❧♣ t❤❡
✉s❡r ❝❤♦♦s❡ ❛ s✉✐t❛❜❧❡ ♠❛❦❡s♣❛♥✴r❡❧✐❛❜✐❧✐t② tr❛❞❡✲♦✛ ❞r✐✈❡♥
❜② t❤❡ ❢❛❝t t❤❛t✱ ✐♥ ♦r❞❡r t♦ ❢❛✈♦r r❡❧✐❛❜✐❧✐t②✱ ✐t ✐s ♥❡❝❡ss❛r②
t♦ s❝❤❡❞✉❧❡ t❛s❦s ♦♥ ❛ s✉❜s❡t ♦❢ ♣r♦❝❡ss♦rs t❤❛t ❤❛✈❡ t❤❡
s♠❛❧❧❡st ♣r♦❞✉❝t ♦❢ ④❢❛✐❧✉r❡ r❛t❡⑥ ❛♥❞ ④✉♥✐t❛r② ✐♥str✉❝t✐♦♥
❡①❡❝✉t✐♦♥ t✐♠❡⑥✳ ❇❛s❡❞ ♦♥ t❤❛t ❢❛❝t✱ ✐♥ s❡❝t✐♦♥ ✻ ✇❡ s❤♦✇✱
❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ t❛s❦ ❣r❛♣❤ ✐s ✉♥str✉❝t✉r❡❞✱ ❤♦✇ t♦
❡❛s✐❧② tr❛♥s❢♦r♠ ❛ ❤❡✉r✐st✐❝ t❤❛t t❛r❣❡ts ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛✲
t✐♦♥ t♦ ❛ ❜✐✲❝r✐t❡r✐❛ ❤❡✉r✐st✐❝✳ ❍❡r❡ ❛❣❛✐♥✱ ✇❡ ❞❡♠♦♥str❛t❡
❤♦✇ t♦ ❤❡❧♣ t❤❡ ✉s❡r ❝❤♦♦s❡ ❛ s✉✐t❛❜❧❡ ♠❛❦❡s♣❛♥✴r❡❧✐❛❜✐❧✐t②
tr❛❞❡✲♦✛✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣❛♣❡r ✐♥ s❡❝t✐♦♥ ✼✳
✶■♥t✉✐t✐✈❡❧②✱ t❤❡ P❛r❡t♦✲❝✉r✈❡ ❞✐✈✐❞❡s t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡ ❜❡✲
t✇❡❡♥ t❤❡ ❢❡❛s✐❜❧❡ ❛♥❞ t❤❡ ✉♥❢❡❛s✐❜❧❡✳
2. NOTATIONS
❲❡ ♠♦❞❡❧ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❜② ❛ t❛s❦ ❣r❛♣❤✿ ❧❡t G = (V, E)
❜❡ ❛ ❉✐r❡❝t❡❞ ❆❝②❝❧✐❝ ●r❛♣❤ ✭❉❆●✮ ✇✐t❤ V t❤❡ s❡t ♦❢ n =
|V | ✈❡rt✐❝❡s ✭t❤❛t r❡♣r❡s❡♥st t❛s❦s✮ ❛♥❞ E t❤❡ s❡t ♦❢ ❡❞❣❡s
t❤❛t r❡♣r❡s❡♥ts ♣r❡❝❡❞❡♥❝❡ ❝♦♥str❛✐♥ts ❛♠♦♥❣ t❤❡ t❛s❦s✳ ❊❛❝❤
t❛s❦ vi ∈ V ✐s ❣✐✈❡♥ ❛ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s oi✳ ❊❛❝❤ ❡❞❣❡
ei = (i, j) ✐s ❛ss♦❝✐❛t❡❞ t♦ li ❛♥❞ t❤❡ t✐♠❡ t♦ s❡♥❞ ❞❛t❛ ❢r♦♠
t❛s❦ vi t♦ t❛s❦ vj ✐❢ t❤❡② ❛r❡ ♥♦t ❡①❡❝✉t❡❞ ♦♥ t❤❡ s❛♠❡ ♣r♦✲
❝❡ss♦r✳ ❲❡ ❛r❡ ❣✐✈❡♥ ❛ s❡t P ♦❢ m ♣r♦❝❡ss♦rs ❛♥❞ ♣r♦❝❡ss♦r
pi ∈ P ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t✇♦ ✈❛❧✉❡s✿ τi t❤❡ ✉♥✐t❛r② ✐♥str✉❝✲
t✐♦♥ ❡①❡❝✉t✐♦♥ t✐♠❡✱ ✐✳❡✳ t❤❡ t✐♠❡ t♦ ♣❡r❢♦r♠ ♦♥❡ ♦♣❡r❛t✐♦♥✱
❛♥❞ λi t❤❡ ④❢❛✐❧✉r❡ r❛t❡⑥✳ ❲❡ ❛ss✉♠❡ t❤❛t✱ ❞✉r✐♥❣ t❤❡ ❡①❡✲
❝✉t✐♦♥ ♦❢ t❤❡ ❉❆●✱ t❤❡ ❢❛✐❧✉r❡ r❛t❡ ✐s ❝♦♥st❛♥t✳ ❚❤✐s ♠❡❛♥s
t❤❛t t❤❡ ❢❛✐❧✉r❡ ♠♦❞❡❧ ❢♦❧❧♦✇s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❧❛✇✳ ❍❡♥❝❡✱
❡❛❝❤ t❛s❦ vi ❡①❡❝✉t❡❞ ♦♥ ♣r♦❝❡ss♦r pj ✇✐❧❧ ❧❛st oi × τj ❛♥❞
t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤✐s t❛s❦ ✜♥✐s❤❡s ✭❝♦rr❡❝t❧②✮ ✐ts ❡①❡❝✉✲
t✐♦♥ ✐s ❣✐✈❡♥ ❜② e−oi×τj×λj ✳
❆ s❝❤❡❞✉❧❡ ✐s ❛♥ ❛ss✐❣♥♠❡♥t ♦❢ t❤❡ t❛s❦s t♦ t❤❡ ♣r♦❝❡s✲
s♦rs s✉❝❤ t❤❛t✱ ❛t ♠♦st✱ ♦♥❡ t❛s❦ ✐s ❡①❡❝✉t❡❞ ❛t ❛ t✐♠❡ ♦♥
❛♥② ❣✐✈❡♥ ♣r♦❝❡ss♦r ❛♥❞ t❤❛t t❤❡ ♣r❡❝❡❞❡♥❝❡ ❝♦♥str❛✐♥ts ❛r❡
r❡s♣❡❝t❡❞✳ ❲❡ ❝❛❧❧ ♣r♦❝(i) t❤❡ ♣r♦❝❡ss♦r ❛ss✐❣♥❡❞ t♦ t❛s❦
vi ❛♥❞ Ci ✐ts ❝♦♠♣❧❡t✐♦♥ ❞❛t❡✳ C♠❛① = max{Ci⑥ ✐s t❤❡
♠❛❦❡s♣❛♥✳
❚❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ ❛ s❝❤❡❞✉❧❡ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ✐t ✜♥✲
✐s❤❡s ❝♦rr❡❝t❧② ❛♥❞ ✐s ❣✐✈❡♥ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛❧❧ t❤❡
♣r♦❝❡ss♦rs ❜❡ ❢✉♥❝t✐♦♥❛❧ ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛❧❧ t❤❡✐r ❛s✲
s✐❣♥❡❞ t❛s❦s✱ ✐✳ ❡✳✱ ps✉❝❝ = e
−
Pm
j=1 C
j
♠❛①λj ✱ ✇❤❡r❡ Cj♠❛① =
♠❛①i|♣r♦❝(i)=j{Ci} ✐s t❤❡ ❝♦♠♣❧❡t✐♦♥ ❞❛t❡ ♦❢ t❤❡ ❧❛st t❛s❦
❡①❡❝✉t❡❞ ♦♥ ♣r♦❝❡ss♦r j✳ ❋✐♥❛❧❧②✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡
♦❢ ❛ s❝❤❡❞✉❧❡ ✐s ❣✐✈❡♥ ❜② p❢❛✐❧ = 1− ps✉❝❝✳
❚❤❡ ♣r♦❜❧❡♠ ✇❡ ❛❞❞r❡ss ✐s✱ t❤❛t ❣✐✈❡♥ ❛ t❛s❦ ❣r❛♣❤ ❛♥❞
❛ s❡t ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❝❡ss♦rs✱ ✜♥❞ ❛ s❝❤❡❞✉❧❡ s✉❝❤ t❤❛t
ps✉❝❝ ✐s ♠❛①✐♠✐③❡❞ ❛♥❞ C♠❛① ✐s ♠✐♥✐♠✐③❡❞✳
3. A BI-CRITERIA PROBLEM
■♥ t❤✐s ❛rt✐❝❧❡ ✇❡ tr② t♦ s♦❧✈❡ ❛ ❜✐✲❝r✐t❡r✐❛ ♣r♦❜❧❡♠✳ ❲❡
❛✐♠ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❛❦❡s♣❛♥ ❛♥❞ t♦ ♠❛①✐♠✐③❡ t❤❡ r❡❧✐❛✲
❜✐❧✐t② ✭♦r t♦ ♠✐♥✐♠✐③❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡✮✳ ❯♥❢♦rt✉✲
♥❛t❡❧②✱ t❤❡s❡ ❝r✐t❡r✐❛ ❛r❡ t✇♦ ❝♦♥✢✐❝t✐♥❣ ♦❜❥❡❝t✐✈❡s✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ❛s s❤♦✇♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✱ t❤❡ ♦♣t✐♠❛❧ r❡❧✐❛❜✐❧✐t②
✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ ♠❛♣♣✐♥❣ ❛❧❧ t❤❡ t❛s❦s t♦ ♣r♦❝❡ss♦r j s✉❝❤
t❤❛t✱ j = ❛r❣♠✐♥(τiλi)✱ ✐✳❡✳✱ t❤❡ ♦♥❡ ❢♦r ✇❤✐❝❤ t❤❡ ♣r♦❞✉❝t
♦❢ ④❢❛✐❧✉r❡ r❛t❡⑥ ❛♥❞ ④✉♥✐t❛r② ✐♥str✉❝t✐♦♥ ❡①❡❝✉t✐♦♥ t✐♠❡⑥ ✐s
♠✐♥✐♠❛❧✳ ❍♦✇❡✈❡r✱ s✉❝❤ ❛ s❝❤❡❞✉❧❡✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❝❛♥
❜❡ ❛r❜✐tr❛r✐❧② ❢❛r ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ ♦♥❡✳
Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t S ❜❡ ❛ s❝❤❡❞✉❧❡ ✇❤❡r❡ ❛❧❧ t❤❡ t❛s❦s
❤❛✈❡ ❜❡❡♥ ❛ss✐❣♥❡❞✱ ✐♥ t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r✱ t♦ ❛ ♣r♦❝❡ss♦r i s✉❝❤
t❤❛t τiλi ✐s ♠✐♥✐♠❛❧✳ ▲❡t ps✉❝❝ ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss❢✉❧
❡①❡❝✉t✐♦♥ ♦❢ s❝❤❡❞✉❧❡ S✳ ❚❤❡♥ ❛♥② s❝❤❡❞✉❧❡ S′ = S✱ ✇✐t❤
♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss p′s✉❝❝✱ ✐s s✉❝❤ t❤❛t p
′
s✉❝❝ ≤ ps✉❝❝✳
Proof of proposition 1.
❙✉♣♣♦s❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t i = 0 ✭✐✳ ❡✳✱ ∀j :
τ0λ0 ≤ τjλj✮✳ ❚❤❡♥ ps✉❝❝ = e
−C0♠❛①λ0 ✳ ❈❛❧❧ C
′j
♠❛① t❤❡
❝♦♠♣❧❡t✐♦♥ ❞❛t❡ ♦❢ t❤❡ ❧❛st t❛s❦ ♦♥ ♣r♦❝❡ss♦r j ✇✐t❤ s❝❤❡❞✉❧❡
S′✳ ❚❤❡r❡❢♦r❡✱ p′s✉❝❝ = e
−
Pm
j=0 C
′j
♠❛①λj ✳ ▲❡t T ❜❡ t❤❡ s❡t ♦❢
t❛s❦s t❤❛t ❛r❡ ♥♦t ❡①❡❝✉t❡❞ ♦♥ ♣r♦❝❡ss♦r 0 ❜② s❝❤❡❞✉❧❡ S′✳
❚❤❡♥✱ C
′0
♠❛① ≥ C
0
♠❛① − τ0
P
vi∈T
oi ✭t❤❡r❡ ❛r❡ st✐❧❧ t❛s❦s ♦❢
V \T t♦ ❡①❡❝✉t❡ ♦♥ ♣r♦❝❡ss♦r ✵✮✳ ▲❡t T = T1 ∪T2 ∪ . . .∪Tm✱
✇❤❡r❡ Tj ✐s t❤❡ s✉❜s❡t ♦❢ t❤❡ t❛s❦s ♦❢ T ❡①❡❝✉t❡❞ ♦♥ ♣r♦❝❡ss♦r
j ❜② s❝❤❡❞✉❧❡ S′ ✭t❤❡s❡ s❡ts ❛r❡ ❞✐s❥♦✐♥t✿ ∀j1 6= j2, Tj1∩Tj2 =
∅✮✳ ❚❤❡♥✱ ∀1 ≤ j ≤ m, C
′j
♠❛① ≥ τj
P
vi∈Tj
oi✳ ▲❡t ✉s
❝♦♠♣❛r❡ t❤❡ ❡①♣♦♥❡♥t ♦❢ ps✉❝❝ ❛♥❞ p
′
s✉❝❝✳ ❲❡ ❤❛✈❡✿
m
X
j=0
C
′j
♠❛①λj − C
0
♠❛①λ0
≥ C0♠❛①λ0 − τ0λ0
X
vi∈T
oi +
m
X
j=1
0
@τjλj
X
vi∈Tj
oi
1
A− C0♠❛①λ0
=
m
X
j=1
0
@τjλj
X
vi∈Tj
oi
1
A− τ0λ0
X
vi∈T
oi
=
m
X
j=1
0
@τjλj
X
vi∈Tj
oi
1
A− τ0λ0
m
X
j=1
0
@
X
vi∈Tj
oi
1
A
✭❜❡❝❛✉s❡ t❤❡ Tj ✬s ❛r❡ ❞✐s❥♦✐♥t✮
=
m
X
j=1
0
@(τjλj − τ0λ0)
X
vi∈Tj
oi
1
A
≥ 0
✭❜❡❝❛✉s❡ ∀j : τ0λ0 ≤ τjλj✮
❍❡♥❝❡✱
ps✉❝❝
p′s✉❝❝
= e
Pm
j=0 C
′j
♠❛①λj−C
0
♠❛①λ0 ≥ 1
❙✐♥❝❡ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ♦♣t✐♠✐③❡ ❜♦t❤ ❝r✐t❡r✐❛ ❛t t❤❡
s❛♠❡ t✐♠❡✱ ✇❡ ✇✐❧❧ t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ❛s ❢♦❧❧♦✇s✿ ✇❡ ❝♦♥s✐❞❡r
♠❛①✐♠✐③✐♥❣ t❤❡ r❡❧✐❛❜✐❧✐t② s✉❜❥❡❝t t♦ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡
♠❛❦❡s♣❛♥ ✐s ♠✐♥✐♠✐③❡❞ ✭❬✶✵❪ ❈❤❛♣✳ ✸✱ ♣♣✳ ✶✷✮✳ ❚❤✐s ♠❡❛♥s
t❤❛t ✇❡ ✇✐❧❧ tr② t♦ ✜♥❞ t❤❡ ♠♦st r❡❧✐❛❜❧❡ s❝❤❡❞✉❧❡ ❛♠♦♥❣ t❤❡
♦♥❡s t❤❛t ♠✐♥✐♠✐③❡ t❤❡ ♠❛❦❡s♣❛♥✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ✜♥❞✐♥❣
t❤❡ ♦♣t✐♠❛❧ ♠❛❦❡s♣❛♥ ✐s ♠♦st ♦❢ t❤❡ t✐♠❡ ◆P✲❤❛r❞✱ ✇❡ ❛✐♠
❛t ❞❡s✐❣♥✐♥❣ ❛♥ ✭α, β✮✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ■♥ ♦✉r
❝❛s❡ ❛♥ ✭α, β✮✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❛♥ ❛❧❣♦r✐t❤♠ ✇✐t❤
✇❤✐❝❤ t❤❡ s♦❧✉t✐♦♥ ❢♦✉♥❞ ❤❛s ❛ ♠❛❦❡s♣❛♥ ❛t ♠♦st α t✐♠❡s
❧❛r❣❡r t❤❛♥ t❤❡ ♦♣t✐♠❛❧ ♦♥❡✱ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡
✐s ❛t ♠♦st β t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ ♦♣t✐♠❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢
❢❛✐❧✉r❡ ✭❛♠♦♥❣ t❤❡ s❝❤❡❞✉❧❡s t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ♠❛❦❡s♣❛♥✮✳
❇❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣✱ ✇❡ s❤❛❧❧ ♠❛❦❡ t✇♦ ✐♠♣♦rt❛♥t r❡♠❛r❦s✳
✶✳ Pr♦♣♦s✐t✐♦♥ ✶ s❤♦✇s t❤❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣
t❤❡ ♠❛❦❡s♣❛♥ s✉❜❥❡❝t t♦ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ r❡❧✐❛✲
❜✐❧✐t② ✐s ♠❛①✐♠✐③❡❞ ✐s t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡
♠❛❦❡s♣❛♥ ✉s✐♥❣ ♦♥❧② ♣r♦❝❡ss♦rs ❤❛✈✐♥❣ ❛ ♠✐♥✐♠❛❧ τiλi✳
■❢ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ s✐♥❣❧❡ ♣r♦❝❡ss♦r t❤❛t ♠✐♥✐♠✐③❡s
τiλi✱ ✐t r❡❞✉❝❡s t♦ ❛ tr✐✈✐❛❧ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡
r❡❧✐❛❜✐❧✐t② ✐s ♠❛①✐♠✐③❡❞ ♦♥❧② ✐❢ ❛❧❧ t❤❡ t❛s❦s ❛r❡ s❡q✉❡♥✲
t✐❛❧❧② ❡①❡❝✉t❡❞ ♦♥ t❤❡ ♣r♦❝❡ss♦r ✇❤♦s❡ λiτi ✐s ♠✐♥✐♠❛❧✳
❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣r♦❝❡ss♦rs
t❤❛t ❤❛✈❡ t❤❡ s❛♠❡ ♠✐♥✐♠❛❧ λiτi ✈❛❧✉❡✱ t❤❡ ♣r♦❜❧❡♠ ✐s
◆P✲❍❛r❞ ❛s ✐t r❡q✉✐r❡s ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥ ♦♥
❛❧❧ ♦❢ t❤❡s❡ ♣r♦❝❡ss♦rs✳
✷✳ ❚❤❡♦r❡♠ ✶ ✭❛❜♦✈❡✮ s❤♦✇s t❤❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ ♦♣t✐♠✐③✲
✐♥❣ ❜♦t❤ ❝r✐t❡r✐❛ ✐s ✉♥❛♣♣r♦①✐♠❛❜❧❡✳ ❚❤❛t ✐s t♦ s❛②✱ ✐♥
❣❡♥❡r❛❧✱ t❤❡r❡ ❡①✐sts ♥♦ s♦❧✉t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t t♦♦ ❢❛r
❢r♦♠ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦♥ ❜♦t❤ ❝r✐t❡r✐❛ ❛t t❤❡ s❛♠❡
t✐♠❡✳ ❖✉r st✉❞② ✐s r❡❧❛t❡❞ t♦ t❤❡ s❡❛r❝❤ ♦❢ ♦♥❡ P❛r❡t♦
♦♣t✐♠✉♠✷ ✇❤❡♥ t❤❡ ♠❛❦❡s♣❛♥ ✐s ♠✐♥✐♠✐③❡❞✳ ❚❤❡r❡✲
❢♦r❡✱ t❤❡ ♣r♦❜❧❡♠ ✇❡ t❛❝❦❧❡ ❤❡r❡ ♠❛② ❜❡ s❡❡♥ ❛s ❣✐✈✐♥❣
t❤❡ ♣r✐♦r✐t② t♦ t❤❡ ♠❛❦❡s♣❛♥✱ ❛♥❞ tr②✐♥❣ t♦ ♦♣t✐♠✐③❡
t❤❡ r❡❧✐❛❜✐❧✐t② ❛s ❛ s❡❝♦♥❞❛r② ❝r✐t❡r✐❛✳ ■t ✐s ❛ ✉s❡❢✉❧ ❛♣✲
♣r♦❛❝❤ ❢♦r ♠❛♥② ❝❛s❡s ❛s ✐t ❝❛♥ ❧❡❛❞ t♦ ❛♣♣r♦①✐♠❛t✐♥❣
t❤❡ P❛r❡t♦✲❝✉r✈❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❆♥ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ ❛ P❛r❡t♦ ❝✉r✈❡ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ♦♥ ❯❊❚
✐♥❞❡♣❡♥❞❡♥t t❛s❦s✳
❚❤❡♦r❡♠ ✶✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ C♠❛① ❛♥❞
♠❛①✐♠✐③✐♥❣ ps✉❝❝ ✐s ✉♥❛♣♣r♦①✐♠❛❜❧❡ ✇✐t❤✐♥ ❛ ❝♦♥st❛♥t ❢❛❝✲
t♦r✳
Proof of Theorem 1.
❲❡ ❝♦♥s✐❞❡r t❤❡ ✐♥st❛♥❝❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥✈♦❧✈✐♥❣ t✇♦
♠❛❝❤✐♥❡s s✉❝❤ t❤❛t τ2 = τ1/k ❛♥❞ λ2 = k
2λ1 ✭k ∈ R
+∗✮✳
❈♦♥s✐❞❡r ❛ s✐♥❣❧❡ t❛s❦ t1✳ ❖♥❧② t✇♦ s♦❧✉t✐♦♥s ❛r❡ ❢❡❛s✐❜❧❡
S1 ✐♥ ✇❤✐❝❤ t❤❡ t❛s❦ ✐s s❝❤❡❞✉❧❡❞ ♦♥ ♣r♦❝❡ss♦r 1 ❛♥❞ S2 ✐♥
✇❤✐❝❤ t❤❡ t❛s❦ ✐s s❝❤❡❞✉❧❡❞ ♦♥ ♣r♦❝❡ss♦r 2✳ ◆♦t❡ t❤❛t S2 ✐s
♦♣t✐♠❛❧ ❢♦r C♠❛① ❛♥❞ t❤❛t S1 ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ r❡❧✐❛❜✐❧✐t②✳
C♠❛①(S1) = o1τ1 ❛♥❞ C♠❛①(S2) = o1τ1/k✳ ❚❤✐s ❧❡❛❞s t♦
C♠❛①(S1)/C♠❛①(S2) = k✳ ❚❤✐s r❛t✐♦ ❣♦❡s t♦ t❤❡ ✐♥✜♥✐t②
✇✐t❤ k✳ ❚❤✉s✱ S1 ✐s ♥♦t ❛ ❝♦♥st❛♥t✲❢❛❝t♦r ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r
t❤✐s ✐♥st❛♥❝❡✳
ps✉❝❝(S1) = e
−o1τ1λ1 ❛♥❞ ps✉❝❝(S2) = e
−o1τ1λ1k✳ ❚❤✐s
❧❡❛❞s t♦ ps✉❝❝(S1)/ps✉❝❝(S2) = e
o1τ1λ1(k−1)✳ ❚❤✐s r❛t✐♦ ❣♦❡s
t♦ t❤❡ ✐♥✜♥✐t② ✇✐t❤ k✳ ❚❤✉s✱ S2 ✐s ♥♦t ❛ ❝♦♥st❛♥t✲❢❛❝t♦r
❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤✐s ✐♥st❛♥❝❡✳
◆♦♥❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s ❝❛♥ ❛♣♣r♦①✐♠❛t❡ ❜♦t❤ ❝r✐t❡r✐❛ ✇✐t❤✐♥
❛ ❝♦♥st❛♥t✲❢❛❝t♦r✳
❲❡ ❛✐♠ ❛t ✜♥❞✐♥❣ ❛ s♦❧✉t✐♦♥ ❢♦r ✇❤✐❝❤ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝✲
❝❡ss ✐s ❛t ♠♦st β t✐♠❡s t❤❡ ♦♣t✐♠❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡
✭❛❣❛✐♥✱ s✉❜❥❡❝t t♦ ♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥✮✳ ❍♦✇❡✈❡r✱ ✐♥
s♦♠❡ ❝❛s❡s✱ s✉❝❤ ❛ ❜♦✉♥❞ ♠✐❣❤t ♥♦t ❜❡ ✈❡r② ✉s❡❢✉❧✳ ❋♦r
✐♥st❛♥❝❡ ✐♠❛❣✐♥❡ t❤❛t ❢♦r ❛ ❣✐✈❡♥ ❛❧❣♦r✐t❤♠ β = 5 ❛♥❞
t❤❡ ♦♣t✐♠❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡ p̃❢❛✐❧ = 0.3✱ t❤❡♥ ✇❡ ❤❛✈❡
p❢❛✐❧ ≤ β · p̃❢❛✐❧ = 5 × 0.3 = 1.5✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡
♥♦ ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡ s✐♥❝❡✱ ❛s
❢♦r ❛♥② ♣r♦❜❛❜✐❧✐t②✱ p❢❛✐❧ ≤ 1✳ ❖♥❡ ✇❛② t♦ t✐❣❤t❡♥ t❤❡ ❜♦✉♥❞
✐s ❣✐✈❡♥ ❜② ♣r♦♣♦s✐t✐♦♥ ✷✳
Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t ps✉❝❝ ✭r❡s♣✳ p❢❛✐❧✮ ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ s✉❝❝❡ss ✭r❡s♣✳ ♦❢ ❢❛✐❧✉r❡✮ ♦❢ ❛ s❝❤❡❞✉❧❡ S✳ ▲❡t p̃s✉❝❝ ✭r❡s♣✳
p̃❢❛✐❧✮ ❜❡ t❤❡ ♦♣t✐♠❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss ✭r❡s♣✳ ♦❢ ❢❛✐❧✉r❡✮
❢♦r t❤❡ s❛♠❡ ✐♥♣✉t ❛s S✳ ▲❡t β ❜❡ ❛ r❡❛❧ ✐♥ [1, +∞[✳ ❚❤❡♥
ps✉❝❝ = p̃
β
s✉❝❝ ⇒ p❢❛✐❧ ≤ β · p̃❢❛✐❧✳
Proof of proposition 2.
❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❇❡r♥♦✉❧❧✐✬s ✐♥❡q✉❛❧✐t② ✇❤❡r❡✱
∀x ∈ [0, 1], ∀n ∈ [1, +∞[, (1− x)n ≥ 1− nx✳
p❢❛✐❧ = 1− ps✉❝❝ = 1− p̃
β
s✉❝❝ = 1− (1− p̃❢❛✐❧)
β
≤ 1− (1− β · p̃❢❛✐❧) = β · p̃❢❛✐❧
❇❛s❡❞ ♦♥ t❤❛t ♣r♦♣♦s✐t✐♦♥✱ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r✱
✇❡ ✇✐❧❧ t❛r❣❡t s♦❧✉t✐♦♥s ✇❤❡r❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss ✐s
❜♦✉♥❞❡❞ ❜② ❛ ♣♦✇❡r ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss✳
✷■♥ ❛ ♠✉❧t✐✲❝r✐t❡r✐❛ ♣r♦❜❧❡♠✱ ❛ s♦❧✉t✐♦♥ ✐s ❝❛❧❧❡❞ P❛r❡t♦ ♦♣t✐✲
♠❛❧ ✐❢ ❛♥② ♦t❤❡r s♦❧✉t✐♦♥ ✐♥❝r❡❛s❡s ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❝r✐t❡r✐❛✳
4. UNITARY INDEPENDENT TASKS
4.1 Optimal Algorithm
●✐✈❡♥ ❛ ♠❛❦❡s♣❛♥ ♦❜❥❡❝t✐✈❡ M ✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ✜♥❞ ❛
t❛s❦ ❛❧❧♦❝❛t✐♦♥ t❤❛t ✐s t❤❡ ♠♦st r❡❧✐❛❜❧❡ ❢♦r ❛ s❡t ♦❢ N ✉♥✐t❛r②
✐♥❞❡♣❡♥❞❡♥t t❛s❦s ✭∀vi ∈ V, oi = 1 ❛♥❞ E = ∅✮✳
❲❡ ❝♦♥s✐❞❡r ♠✐♥✐♠✐③✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡ s✉❜❥❡❝t
t♦ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ♠❛❦❡s♣❛♥ ✐s ❝♦♥str❛✐♥❡❞✳ ❙✐♥❝❡
t❛s❦s ❛r❡ ✉♥✐t❛r② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t✱ t❤❡ ♣r♦❜❧❡♠ ✐s t❤❡♥ t♦
✜♥❞ ❢♦r ❡❛❝❤ ♣r♦❝❡ss♦r pj , j ∈ [1, m] ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r nj
s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts ❛r❡ ♠❡t✿ ✭✶✮
P
j∈[1,m] nj =
n = |V |✳ ✭✷✮ ❚❤❡ ♠❛❦❡s♣❛♥ ✐s α✲❝♦♥str❛✐♥❡❞ njτj ≤ αM♦♣t, ∀j ∈
[1, m], α ∈ [1, +∞[✱ ❛♥❞ α ✐s ❣✐✈❡♥ ❜② t❤❡ ✉s❡r✳ ✭✸✮ ❙✉❜❥❡❝t t♦
t❤❡ ♣r❡✈✐♦✉s ❝♦♥str❛✐♥ts✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss ✐s ♠❛①✐✲
♠✐③❡❞✿ e−
P
j∈[1,m] njλjτj ✐s ♠❛①✐♠✐③❡❞✱ ✐✳❡✳✱
P
j∈[1,m] njλjτj
✐s ♠✐♥✐♠✐③❡❞✳
❋✐rst✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✜♥❞✐♥❣ ❛ s❝❤❡❞✉❧❡ ✇❤♦s❡
♠❛❦❡s♣❛♥ ✐s s♠❛❧❧❡r t❤❛♥ ❛ ❣✐✈❡♥ ♦❜❥❡❝t✐✈❡ M ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ■♥❞❡❡❞✱ ❆❧❣♦r✐t❤♠ ✶ ✜♥❞s t❤❡ ♠✐♥✐♠❛❧
♠❛❦❡s♣❛♥ ❛❧❧♦❝❛t✐♦♥ ❢♦r ❛♥② ❣✐✈❡♥ s❡t ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✉♥✐t❛r②
t❛s❦s ❛s s❤♦✇♥ ✐♥ ❬✾❪✱ ♣♣✳ ✶✻✶✳
❆❧❣♦r✐t❤♠ ✶ ❖♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ ❢♦r ✐♥❞❡♣❡♥❞❡♥t ✉♥✐t❛r②
t❛s❦
❢♦r ✐❂✶✿♠
ni ←
j
1/τi
P
1/τi
k
× n
✇❤✐❧❡
P
ni < n
k = ❛r❣♠✐♥(τk(nk + 1))
nk ← nk + 1
❙❡❝♦♥❞✱ ✇❡ ♣r♦♣♦s❡ ❆❧❣♦r✐t❤♠ ✷ t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✳ ■t
✜♥❞s ❛♥ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ ❛s ♣r♦✈❡❞ ❜② ❚❤❡♦r❡♠ ✷✳ ■t ✐s ❛
❣r❡❡❞② ❛❧❣♦r✐t❤♠ t❤❛t s✐♠♣❧② ❛❧❧♦❝❛t❡s t❛s❦s t♦ t❤❡ ♣r♦❝❡s✲
s♦rs t❛❦❡♥ ✐♥ t❤❡ ✐♥❝r❡❛s✐♥❣ λiτi ✈❛❧✉❡ ✉♣ t♦ t❤❡ ♠❛❦❡s♣❛♥
♦❜❥❡❝t✐✈❡ M ✳
❆❧❣♦r✐t❤♠ ✷ ❖♣t✐♠❛❧ r❡❧✐❛❜❧❡ ❛❧❧♦❝❛t✐♦♥ ❢♦r ✐♥❞❡♣❡♥❞❡♥t
✉♥✐t❛r② t❛s❦
■♥♣✉t✿ α ∈ [1, +∞[
❈♦♠♣✉t❡ M = αM♦♣t ✉s✐♥❣ ❛❧❣♦r✐t❤♠ ✶✳
❙♦rt t❤❡ ♣r♦❝❡ss♦r ❜② ✐♥❝r❡❛s✐♥❣ λiτi
X ← 0
❢♦r ✐❂✶✿♠
✐❢ X < N
ni ← min
“
N −X,
j
M
τi
k”
❡❧s❡
ni ← 0
X ← X + ni
❚❤❡♦r❡♠ ✷✳ ❆t t❤❡ ❡♥❞ ♦❢ ❆❧❣♦r✐t❤♠ ✷✱ ❛❧❧ t❤❡ ❝♦♥str❛✐♥ts
❛r❡ ❢✉❧✜❧❧❡❞✳
Proof of Theorem 2.
▲❡t X ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s ❛❧r❡❛❞② ❛ss✐❣♥❡❞✳ ❙✐♥❝❡
✇❤❡♥ X < N ✇❡ ❛❧❧♦❝❛t❡ ❛t ♠♦st N−X t❛s❦s t♦ ❛ ♣r♦❝❡ss♦r✱
❛t t❤❡ ❡♥❞ X = N ✳ ❋♦r ❡❛❝❤ ♣r♦❝❡ss♦r i ✇❡ ❛❧❧♦❝❛t❡ ❛t ♠♦st
⌊M
τi
⌋ t❛s❦s✱ ❤❡♥❝❡ niτi ≤M = αM♦♣t✳ ❙✐♥❝❡ ✐♥ ❛❧❣♦r✐t❤♠ ✶✱
t❤❡ ♦r❞❡r ♦❢ t❤❡ t❛s❦s ❛♥❞ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♣r♦❝❡ss♦rs ✐s ♥♦t
t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ ❛❧❣♦r✐t❤♠ ✷ ✐s ✈❛❧✐❞ ✭✐✳❡✳✱ ❛❧❧ t❛s❦s ❛r❡
❛ss✐❣♥❡❞ ✉s✐♥❣ ❛t ♠♦st t❤❡ m ♣r♦❝❡ss♦rs✮✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇
t❤❛t
P
i∈[1,m] niλiτi ✐s ♠✐♥✐♠✉♠✳ ❋✐rst ❧❡t ✉s r❡♠❛r❦ t❤❛t
❛❧❣♦r✐t❤♠ ✷ ✜❧❧s t❤❡ ♣r♦❝❡ss♦rs ✇✐t❤ t❛s❦s ✐♥ t❤❡ ✐♥❝r❡❛s✐♥❣
♦r❞❡r ♦❢ t❤❡ λiτi ✈❛❧✉❡s✳ ❍❡♥❝❡✱ ❛♥② ♦t❤❡r ✈❛❧✐❞ ❛❧❧♦❝❛t✐♦♥
{n′1, . . . , n
′
N} ✐s s✉❝❤ t❤❛t n
′
i < ni ❛♥❞ n
′
j > nj ❢♦r ❛♥② i < j✳
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t n′1 = n1 − k✱
n′i = ni + k ❛♥❞ n
′
j = nj ❢♦r k ∈ [1, ni]✱ j 6= 1 ❛♥❞ j 6= i✳
❚❤❡♥ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡s ✐s
D = n1λ1τ1 + . . . + niλiτi + . . . nNλNτN
− n′1λ1τ1 − . . .− n
′
iλiτi − . . . n
′
NλNτN
= λ1τ1(n1 − n
′
1) + λiτi(ni − n
′
i)
= −kλ1τ1 + kλiτi
= k(λiτi − λ1τ1)
≥ 0 ❜❡❝❛✉s❡ λiτi ≥ λ1τ1.
❍❡♥❝❡✱ t❤❡ ✜rst ❛❧❧♦❝❛t✐♦♥ ❤❛s ❛ s♠❛❧❧❡r ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡✳
4.2 Pareto curve approximation
❲❤❡♥ ♠✉❧t✐✲❝r✐t❡r✐❛ ♣r♦❜❧❡♠s ❛r❡ ✉♥❛♣♣r♦①✐♠❛❜❧❡ ✇✐t❤✐♥
❛ ❝♦♥st❛♥t ❢❛❝t♦r ♦❢ ❛❧❧ ❝r✐t❡r✐❛ ✇✐t❤ ❛ s✐♥❣❧❡ s♦❧✉t✐♦♥✱ ✇❡
✉s✉❛❧❧② ❧♦♦❦ ❢♦r ❛ s❡t ♦❢ s♦❧✉t✐♦♥s t❤❛t ❛r❡ ✐♥t❡r❡st✐♥❣ tr❛❞❡✲
♦✛s✳ ❚❤❡ P❛r❡t♦ ❝✉r✈❡ ♦❢ ❛♥ ✐♥st❛♥❝❡ ✐s t❤❡ s❡t ♦❢ ❛❧❧
P❛r❡t♦✲♦♣t✐♠❛❧ s♦❧✉t✐♦♥s✳ ❘❡♠❡♠❜❡r t❤❛t ❛ P❛r❡t♦✲♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ✐s s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ♥♦ ♦t❤❡r s♦❧✉t✐♦♥ ❤❛✈✐♥❣ ❛
❜❡tt❡r ♦r ❡q✉❛❧ ✈❛❧✉❡ ♦♥ ❛❧❧ ❝r✐t❡r✐❛ ❛♥❞ ✐♠♣r♦✈✐♥❣ ❛t ♠♦st
♦♥❡ ❝r✐t❡r✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✐♥t✉✐t✐✈❡❧②✱ t❤❡ P❛r❡t♦✲❝✉r✈❡ ❞✐✲
✈✐❞❡s t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡ ❜❡t✇❡❡♥ ❢❡❛s✐❜❧❡ ❛♥❞ ✉♥❢❡❛s✐❜❧❡ s♦✲
❧✉t✐♦♥s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ P❛r❡t♦ ❝✉r✈❡
♦❢ ❛♥ ✐♥st❛♥❝❡ ✐s ♦❢t❡♥ ❡①♣♦♥❡♥t✐❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✐③❡ ♦❢
t❤❡ ✐♥st❛♥❝❡✳ ❚❤✉s✱ ✇❡ ❧♦♦❦ ❢♦r ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ P❛r❡t♦✲
❝✉r✈❡✳ ■♥❢♦r♠❛❧❧②✱ P ✐s ❛ ρ = (ρ1, ρ2, . . . , ρk) ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ t❤❡ P❛r❡t♦✲❈✉r✈❡ P∗ ✐❢ ❡❛❝❤ s♦❧✉t✐♦♥ S∗ ∈ P∗ ✐s ρ ❛♣✲
♣r♦①✐♠❛t❡❞ ❜② ❛ s♦❧✉t✐♦♥ S ∈ P✳ ❋♦r♠❛❧❧②✱ ❢♦r ♠✐♥✐♠✐③❛t✐♦♥
∀S∗ ∈ P∗, ∃S ∈ P, ∀i, fi(S) ≤ ρifi(S
∗)✳
❆ ❣❡♥❡r✐❝ ♠❡t❤♦❞ t♦ ♦❜t❛✐♥ ❛♥ ❛♣♣r♦①✐♠❛t❡❞ P❛r❡t♦ ❝✉r✈❡
✐s ❣✐✈❡♥ ✐♥ ❬✶✸❪✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ♣❛rt✐t✐♦♥ t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡
❜② ❣❡♦♠❡tr✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ t❤❡ s✐③❡ ♦❢ r❛t✐♦ 1 + ǫ ❛♠♦♥❣
❛❧❧ ❝r✐t❡r✐❛ ✭s❡❡ ❋✐❣✳ ✶✳ ❚❤❡ s❡t ❢♦r♠❡❞ ❜② ♦♥❡ s♦❧✉t✐♦♥ ✐♥
❡❛❝❤ ♣❛rt✐t✐♦♥ ✭✐❢ ❛♥②✮ ✐s ❛♥ ǫ✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ P❛r❡t♦
❝✉r✈❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ✐❞❡❛ t♦ ❝♦♥str✉❝t ❛♥
(1+ ǫ, 1)✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ P❛r❡t♦✲❝✉r✈❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✳
▲❡t M ❜❡ ❛ ❢❡❛s✐❜❧❡ ♠❛❦❡s♣❛♥ ✉♥❞❡r ❝♦♥str❛✐♥ts ♦❢ ♦♣t✐✲
♠❛❧ r❡❧✐❛❜✐❧✐t②✳ ❲❡ ❝❛♥ ❝♦♠♣✉t❡ Mmax ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶
✐♥ s❝❤❡❞✉❧✐♥❣ ❛❧❧ t❛s❦s ♦♥ ♣r♦❝❡ss♦rs ♠✐♥✐♠✐③✐♥❣ τiλi✳ ❆❧❣♦✲
r✐t❤♠ ✸ ❝♦♥str✉❝ts ❛ s❡t ♦❢ s♦❧✉t✐♦♥s S = {S1, . . . , Sk} s✉❝❤
t❤❛t Si ✐s ❝♦♥str✉❝t❡❞ ❜② ❆❧❣♦r✐t❤♠ ✷ ✉s✐♥❣ α = (1 + ǫ)
i
❛♥❞ k ✐s t❤❡ ✜rst ✐♥t❡❣❡r s✉❝❤ t❤❛t (1 + ǫ)kM♦♣t ≥ Mmax✳
❚❤❡♦r❡♠ ✸ s❤♦✇s t❤❛t S ✐s ❛♥ (1 + ǫ, 1)✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
t❤❡ P❛r❡t♦✲❝✉r✈❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✳
❚❤❡♦r❡♠ ✸✳ ❆❧❣♦r✐t❤♠ ✸ r❡t✉r♥s ❛♥ (1+ǫ, 1)✲❛♣♣r♦①✐♠❛t✐♦♥
♦❢ t❤❡ P❛r❡t♦✲❝✉r✈❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥
❛♥❞ ♠❛①✐♠✐③✐♥❣ t❤❡ r❡❧✐❛❜✐❧✐t② ❢♦r ✐♥❞❡♣❡♥❞❡♥t ✉♥✐t❛r② t❛s❦s
♦♥ ❤❡t❡r♦❣❡♥❡♦✉s s♣❡❡❞✲r❡❧❛t❡❞ ♣r♦❝❡ss♦rs✳
First criteria to minimize
Se
co
nd
 C
ri
te
ri
a 
to
 m
in
im
iz
e
❋✐❣✉r❡ ✶✿ ❆♣♣r♦①✐♠❛t✐♥❣ t❤❡ ♣❛r❡t♦ ❝✉r✈❡✳ ❆♥ ❡①✲
❛♠♣❧❡ ✇✐t❤ t✇♦ ❝r✐t❡r✐❛ t♦ ♠✐♥✐♠✐③❡✳ ❚❤❡ s❡t ♦❢
t❤❡ s♦❧✉t✐♦♥ ✐s ♣❛rt✐t✐♦♥❡❞✳❈r♦ss❡s ❛r❡ ♣♦ss✐❜❧❡ s♦❧✉✲
t✐♦♥s✱ ❜♦❧❞ ❝r♦ss❡s ❛r❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ♣❛rt✐t✐♦♥s✳
❆❧❣♦r✐t❤♠ ✸ P❛r❡t♦ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ✐♥❞❡♣❡♥✲
❞❡♥t ✉♥✐t❛r② t❛s❦
■♥♣✉t✿ ǫ ∈ [0, +∞[
❈♦♠♣✉t❡ M♦♣t ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✶✳
❈♦♠♣✉t❡ Mmax ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✳
S ← ∅
❢♦r ✐❂✶✿⌈log1+ǫ
Mmax
M♦♣t
⌉
❧❡t Si ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛❧❣♦r✐t❤♠ ✷ ✇✐t❤ α = (1 + ǫ)
i
S ← S ∪ Si
r❡t✉r♥ S
Proof of Theorem 3.
▲❡t σ ❜❡ ❛ P❛r❡t♦✲♦♣t✐♠❛❧ s❝❤❡❞✉❧❡✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts
k s✉❝❤ ❛s (1 + ǫ)kM♦♣t ≤ C♠❛①(σ) ≤ (1 + ǫ)
k+1M♦♣t✳ ❲❡
s❤♦✇ t❤❛t Sk+1 ✐s ❛♥ (1 + ǫ, 1)✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ σ✳
• ❘❡❧✐❛❜✐❧✐t②✳ ❚❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ ❛ P❛r❡t♦✲♦♣t✐♠❛❧ s❝❤❡❞✲
✉❧❡ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♠❛❦❡s♣❛♥✳ ❚❤✉s✱ ps✉❝❝(Sk+1) ≥
ps✉❝❝(σ)✳
• ▼❛❦❡s♣❛♥✳ C♠❛①(Sk+1) ≤ (1+ǫ)
k+1M♦♣t ❛♥❞ C♠❛①(σ) ≥
(1 + ǫ)kM♦♣t✳ ❚❤✉s✱ C♠❛①(σ) ≤ (1 + ǫ)C♠❛①(Sk+1)✳
5. NON-UNITARY INDEPENDENT TASKS
❲❡ ❡①t❡♥❞ t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❛s❦s
❛r❡ ♥♦t ✉♥✐t❛r② ✭∀vi ∈ V, oi ∈ N
∗✮✳ ❆s ❜❡❢♦r❡✱ ✇❡ ✜① t❤❡
♠❛❦❡s♣❛♥ ♦❜❥❡❝t✐✈❡ ❛♥❞ tr② t♦ ✜♥❞ t❤❡ ❜❡st ♣♦ss✐❜❧❡ r❡❧✐❛✲
❜✐❧✐t②✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ✐❢ t❤❡r❡ ❡①✐sts
❛ s❝❤❡❞✉❧❡ ✇❤♦s❡ ♠❛❦❡s♣❛♥ ✐s s♠❛❧❧❡r t❤❛♥ ❛ t❛r❣❡t ✈❛❧✉❡
❣✐✈❡♥ ❛ s❡t ♦❢ ♣r♦❝❡ss♦rs ❛♥❞ ♥♦♥✲✉♥✐t❛r② ✐♥❞❡♣❡♥❞❡♥t t❛s❦s
✐s ◆P✲❝♦♠♣❧❡t❡✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡
✉♥❧❡ss P❂◆P✳
■♥ Pr♦♣♦s✐t✐♦♥ ✶✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t t❤❡ ♠♦st r❡❧✐❛❜❧❡
s❝❤❡❞✉❧❡ ✐s ♦❜t❛✐♥❡❞ ❜② ❛ss✐❣♥✐♥❣ t❛s❦s t♦ ❛ ♣r♦❝❡ss♦r t❤❛t
❤❛s t❤❡ s♠❛❧❧❡st λτ ✭④❢❛✐❧✉r❡ r❛t❡⑥ t✐♠❡s ④✉♥✐t❛r② ✐♥str✉❝t✐♦♥
❡①❡❝✉t✐♦♥ t✐♠❡⑥✮✳ ❲❡ ❝❛♥ ✐♠♣r♦✈❡ t❤✐s ♣r♦♣♦s✐t✐♦♥ ❢♦r t❤❡
✐♥❞❡♣❡♥❞❡♥t t❛s❦s ❝❛s❡✳
❚❤❡♦r❡♠ ✹✳ ▲❡t✬s s❝❤❡❞✉❧❡ ❛ s❡t ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❛s❦s
✇✐t❤♦✉t ❡①❝❡❡❞✐♥❣ ❛ ♠❛❦❡s♣❛♥ ♦❢ ❛ ❣✐✈❡♥ ✈❛❧✉❡ M ♦♥ m ♣r♦✲
❝❡ss♦rs✳ ❚❤❡♥✱ t❤❡ ❜❡st ♣♦ss✐❜❧❡ ✭❜✉t ♥♦t ♥❡❝❡ss❛r② ❛❝❤✐❡✈✲
❛❜❧❡✮ r❡❧✐❛❜✐❧✐t② ❛♠♦♥❣ ❛❧❧ t❤❡ s❝❤❡❞✉❧❡s ♦❢ ♠❛❦❡s♣❛♥ ❛t ♠♦st
M ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ t❛s❦s ❛r❡ ♠❛♣♣❡❞ t♦ m̃ ≤ m ♣r♦❝❡ss♦rs
✐♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ λiτi✳ ❚❤❡ m̃ − 1 ✜rst ♣r♦❝❡ss♦rs ❡①❡✲
❝✉t❡ t❛s❦s ✉♣ t♦ t❤❡ ❞❛t❡ M ✭Ci = M✮ ❛♥❞ t❤❡ ❧❛st ♣r♦❝❡ss♦r
❡①❡❝✉t❡s t❤❡ r❡♠❛✐♥✐♥❣ t❛s❦s ✭Cm̃ ≤M✮✳
Proof of Theorem 4.
▲❡t S = (T1, . . . , Tm) ❜❡ t❤❡ s❝❤❡❞✉❧❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡
♣r♦♣♦s✐t✐♦♥✿ Tj ✐s t❤❡ s❡t ♦❢ t❛s❦s ❛ss✐❣♥❡❞ t♦ ♣r♦❝❡ss♦r
j ❜② S✱ ✭❢♦r j > m̃ + 1, Tj = ∅✮ ✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇
t❤❛t
Pm
j=1
“
τjλj
P
vi∈Tj
oi
”
✐s ♠✐♥✐♠✉♠✳ ▲❡t ✉s ❝❛❧❧ ωj =
P
vi∈Tj
oi ❛♥❞ λjτj = γi✳ ❋♦r ❛♥② ♦t❤❡r ✈❛❧✐❞ ❛❧❧♦❝❛t✐♦♥
S′ = (T
′
1 , . . . , T
′
m✮✱ ❧❡t ✉s ❝❛❧❧ ω
′
j =
P
vi∈T
′
j
oi✳
❲❡ ❤❛✈❡ t✇♦ ❝❛s❡s✱ ω
′
m̃ ≥ ωm̃ ♦r ω
′
m̃ ≤ ωm̃✳ ▲❡t ✉s ✜rst
❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ω
′
m̃ ≤ ωm̃✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❞✉r❛t✐♦♥
♦❢ t❤❡ t❛s❦s ♦❢ t❤❡ m̃ ♣r♦❝❡ss♦rs ❤❛✈❡ ♥♦t ❞❡❝r❡❛s❡❞ ✇✐t❤ t❤❡
♥❡✇ s❝❤❡❞✉❧❡ S′✳ ■♥ t❤✐s ❝❛s❡✱ ♣❛ss✐♥❣ ❢r♦♠ s❝❤❡❞✉❧❡ S t♦
s❝❤❡❞✉❧❡ S′ ✐♠♣❧✐❡s t❤❛t✿
∀j ∈ [1, m̃]), ω
′
j ≤ ωj ✭✶✮
❛♥❞
∀j ∈ [m̃ + 1, m], ω
′
j ≥ ωj ✭✷✮
▼♦r❡♦✈❡r✱ s✐♥❝❡ ✇❡ s❝❤❡❞✉❧❡ t❤❡ s❛♠❡ t❛s❦s ✐♥ S ❛♥❞ S′✱
✇❡ ❤❛✈❡✿
m̃
X
j=1
ωj − ω
′
j = 0 ✭✸✮
❊q✉❛t✐♦♥s ✭✶✮✱ ✭✷✮ ❛♥❞ ✭✸✮ ✐♠♣❧② t❤❛t✿
m̃−1
X
j=1
ωj − ω
′
j = −
m
X
j=m̃
ωj − ω
′
j ✭✹✮
▲❡t ✉s ❝♦♠♣✉t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡①♣♦♥❡♥t ♦❢
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss ♦❢ S ❛♥❞ S′
X = n1λ1τ1 + . . . + niλiτi + . . . + nNλNτN
− n′1λ1τ1 − . . .− n
′
iλiτi − . . . + n
′
NλNτN
= λ1τ1(n1 − n
′
1) + λiτi(ni − n
′
i)
= kλ1τ1 − kλiτi
= k(λ1τ1 − λiτi)
≤ 0 ❜❡❝❛✉s❡ λiτi ≥ λ1τ1.
❍❡♥❝❡✱ S ❤❛s ❛ ❣r❡❛t❡r r❡❧✐❛❜✐❧✐t② t❤❛♥ S′✳ ❙✐♥❝❡ t❤❡ ❝❛s❡
✇❤❡r❡ ω
′
m̃ ≥ ωm̃ ✐s ❤❛♥❞❧❡❞ s✐♠✐❧❛r❧②✱ t❤❡ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞✳
❚❤✐s t❤❡♦r❡♠ ✐♥❞✐❝❛t❡s t❤❛t✱ ❛♠♦♥❣ t❤❡ s❝❤❡❞✉❧❡s t❤❛t ❞♦
♥♦t ❡①❝❡❡❞ ❛ ❣✐✈❡♥ ♠❛❦❡s♣❛♥ ♦❜❥❡❝t✐✈❡ M ✱ t❤❡ ♠♦st r❡❧✐❛❜❧❡
s❝❤❡❞✉❧❡ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ s❝❤❡❞✉❧✐♥❣ t❛s❦s t♦ ❛ s✉❜s❡t ♦❢
♣r♦❝❡ss♦rs✳ ❚❤✐s s✉❜s❡t ✐s s✉❝❤ t❤❛t t❤❡ λτ ✈❛❧✉❡s ♦❢ t❤❡s❡
♣r♦❝❡ss♦rs ❛r❡ t❤❡ s♠❛❧❧❡st ♦♥❡s✳
◆♦t❡ t❤❛t s✉❝❤ ❛ s❝❤❡❞✉❧❡ ✐s ♥♦t ❛❧✇❛②s ❛❝❤✐❡✈❛❜❧❡✳ ■t
♠✐❣❤t r❡q✉✐r❡ ♠♦r❡ t❤❛♥ m̃ ♣r♦❝❡ss♦rs t♦ s❝❤❡❞✉❧❡ t❤❡ t❛s❦s
♦r ✐t ♠✐❣❤t ♥♦t ❜❡ ♣♦ss✐❜❧❡ t♦ s❝❤❡❞✉❧❡ t❤❡ t❛s❦s ✇✐t❤ ❛
♠❛❦❡s♣❛♥ M ✳
❲❤❛t ❤✐❣❤❧✐❣❤ts t❤✐s t❤❡♦r❡♠ ✐s t❤❛t ✐❢ ♦♥❡ ✇✐s❤❡s t♦ ✉s❡
❧❡ss t❤❛♥ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ♣r♦❝❡ss♦rs ✭s❛② k✮ ♦♥❡
❝❛♥ st✐❧❧ ❛❝❤✐❡✈❡ t❤❡ ♦♣t✐♠❛❧ r❡❧✐❛❜✐❧✐t② ✐❢ ❤❡ ♦r s❤❡ ❝❤♦♦s❡s
♠❛❝❤✐♥❡s ✇✐t❤ s♠❛❧❧❡st λτ ♣r♦❞✉❝ts✳
■♥ ♦r❞❡r t♦ ❧❡t t❤❡ ✉s❡r ❝❤♦♦s❡ ❛ ❜❡tt❡r tr❛❞❡✲♦✛✱ ✇❡ ♣r♦✲
♣♦s❡ t❤❛t t❤❡ ✉s❡r ❣✐✈❡s t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs ❤❡ ✇✐s❤❡s
t♦ ✉s❡✱ s❛② k✳ ❚❤❡♥ ✇❡ ❝♦♠♣✉t❡ ❛ s❝❤❡❞✉❧❡ ✭✉s✐♥❣ ❛♥② ❤❡✉r✐s✲
t✐❝ t❤❛t t❛r❣❡ts ♠❛❦❡s♣❛♥ ♦♣t✐♠✐③❛t✐♦♥✮ ♦❢ t❤❡ t❛s❦s ♦♥ t❤❡
k ♣r♦❝❡ss♦rs t❤❛t ❤❛✈❡ t❤❡ s♠❛❧❧❡st λτ ♣r♦❞✉❝t✳ ❚❤❡ ✐❞❡❛ ✐s
t❤❛t t❤❡ ❧❡ss ♣r♦❝❡ss♦rs ♦♥❡ ✉s❡s t❤❡ ❧❛r❣❡r t❤❡ ♠❛❦❡s♣❛♥✱
❜✉t t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✹✱ t❤❡ ❜❡tt❡r t❤❡ r❡❧✐❛❜✐❧✐t②✳ ❋♦r ✐♥✲
st❛♥❝❡✱ ✐❢ k = 1 ✭t❤❡ ✉s❡r ❝❤♦♦s❡s t♦ ✉s❡ ♦♥❧② ♦♥❡ ♣r♦❝❡ss♦r✮✱
t❤❡♥ ❛♥② r❡❛s♦♥❛❜❧❡ s❝❤❡❞✉❧✐♥❣ ❤❡✉r✐st✐❝ ✇✐❧❧ ♠❛♣ t❤❡ t❛s❦s
s❡q✉❡♥t✐❛❧❧② ♦♥ t❤❡ ♣r♦❝❡ss♦r ✇✐t❤ t❤❡ s♠❛❧❧❡st λτ ❛♥❞ ❢r♦♠
♣r♦♣♦s✐t✐♦♥ ✶ t❤✐s ✇✐❧❧ ❧❡❛❞ t♦ ❛♥ ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡ ✐♥ t❡r♠s
♦❢ r❡❧✐❛❜✐❧✐t②✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ k = m ✭t❤❡ ✉s❡r ❝❤♦♦s❡s t♦
✉s❡ ❛❧❧ t❤❡ ♣r♦❝❡ss♦rs✮✱ ❛ s❝❤❡❞✉❧✐♥❣ ❤❡✉r✐str✐❝ t❤❛t t❛r❣❡ts
♠❛❦❡s♣❛♥ ♠✐♥✐♠✐③❛t✐♦♥ ✇✐❧❧ ✉s❡ ❛❧❧ t❤❡ ♣r♦❝❡ss♦rs ❛♥❞ ❧❡❛❞
t♦ ❛ s❝❤❡❞✉❧❡ ✇✐t❤ ❛ s♠❛❧❧ ♠❛❦❡s♣❛♥ ❛♥❞ ❛ ❤✐❣❤ r❡❧❛✐❜✐❧✐t②✳
6. GENERAL CASE
■♥ t❤✐s s❡❝t✐♦♥✱✇❡ st✉❞② t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ ♥♦ r❡✲
str✐❝t✐♦♥ ✐s ❣✐✈❡♥ t♦ t❤❡ t❛s❦ ❣r❛♣❤✳ ❇❛s❡❞ ♦♥ t❤❡ ❝❤❛r✲
❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ r♦❧❡ ♦❢ t❤❡ λτ ✈❛❧✉❡ ✭④❢❛✐❧✉r❡ r❛t❡⑥ t✐♠❡s
④✉♥✐t❛r② ✐♥str✉❝t✐♦♥ ❡①❡❝✉t✐♦♥ t✐♠❡⑥ ♣r♦❞✉❝t✮✱ ✇❡ ♣r♦♣♦s❡ ❛
s✐♠♣❧❡ ✇❛② t♦ ❡①t❡♥❞ s❝❤❡❞✉❧✐♥❣ ❤❡✉r✐st✐❝s t❤❛t t❛r❣❡ts t❤❡
♠❛❦❡s♣❛♥ ♦♣t✐♠✐③❛t✐♦♥ t♦ ❜✐✲❝r✐t❡r✐❛ ❤❡✉r✐st✐❝s✳
6.1 Generalizing Scheduling Heuristics : the
HEFT case
■♥ ❬✽❪✱ ❚♦♣❝✉♦❣❧✉ ❡t ❛❧✳ ♣r♦♣♦s❡❞ t❤❡ ❍❊❋❚ ✭❍❡t❡r♦✲
❣❡♥❡♦✉s ❊❛r❧✐❡st ❋✐♥✐s❤ ❚✐♠❡✮ ❤❡✉r✐st✐❝ t♦ s❝❤❡❞✉❧❡ ❛ t❛s❦
❣r❛♣❤ ♦♥ ❛ s❡t ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❝❡ss♦rs✳ ❍❊❋❚ ✇♦r❦s ❛s
❢♦❧❧♦✇s✳ ❆t ❡❛❝❤ st❡♣✱ ✐t ❝♦♥s✐❞❡rs ❛❧❧ t❤❡ r❡❛❞② t❛s❦s ❛♥❞
s✐♠✉❧❛t❡s t❤❡ ♠❛♣♣✐♥❣ ♦❢ ❡❛❝❤ ♦❢ t❤♦s❡ t❛s❦s ♦♥ ❛❧❧ t❤❡ ♣r♦✲
❝❡ss♦rs✳ ❚❤❡♥ ✐t ❝❤♦♦s❡s t❤❡ t❛s❦s t❤❛t ✜♥✐s❤❡s t❤❡ ❡❛r❧✐❡st
❛♥❞ ♠❛♣s ✐t t♦ t❤❡ ♣r♦❝❡ss♦r ♦♥ ✇❤✐❝❤ ✐t ✜♥✐s❤❡s t❤❡ ❡❛r❧✐❡st✳
❲❡ ♣r♦♣♦s❡ t♦ ❝❤❛♥❣❡ ❍❊❋❚ ✐♥t♦ ❘❍❊❋❚ ✭❘❡❧✐❛❜❧❡✲❍❊❋❚✮
❜② ❡♠♣❤❛s✐③✐♥❣ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ♣r♦❞✉❝t λτ ✳ ▲❡t ✉s
❝❛❧❧ T❡♥❞
i
j t❤❡ ✜♥✐s❤ t✐♠❡
✸ ♦❢ t❛s❦ i ♦♥ ♣r♦❝❡ss♦r j✳ ❋♦r ❛❧❧
t❤❡ r❡❛❞② t❛s❦s i ❛♥❞ ❛❧❧ t❤❡ ♣r♦❝❡ss♦rs j✱ ✐♥st❡❛❞ ♦❢ ❝❤♦♦s✲
✐♥❣ t❤❡ t❛s❦ ❢♦r ✇❤✐❝❤ T❡♥❞
i
j ✐s ♠✐♥✐♠✉♠ ✭❍❊❋❚ ❝❛s❡✮✱ ✇❡
❝❤♦♦s❡ t❤❡ t❛s❦s ❢♦r ✇❤✐❝❤ T❡♥❞
i
jλj ✐s ♠✐♥✐♠✉♠ ❛♥❞ ❛❧❧♦❝❛t❡
t❤❡♠ ♦♥ ♣r♦❝❡ss♦r j✳
❚♦ ✐❧❧✉str❛t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❍❊❋❚ ❛♥❞ ❘❍❊❋❚✱
❝♦♥s✐❞❡r t❤❡ ❡①❛♠♣❧❡ ♦❢ ❋✐❣✉r❡ ✷✳ ■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❤❛✈❡
t✇♦ ♣r♦❝❡ss♦rs ✇✐t❤ ❛ ✉♥✐t❛r② ♣r♦❝❡ss✐♥❣ t✐♠❡ τ ♦❢ r❡s♣❡❝✲
t✐✈❡❧② ✶ ❛♥❞ ✷ ❛♥❞ ❢❛✐❧✉r❡ r❛t❡ λ ♦❢ r❡s♣❡❝t✐✈❡❧② ✷ ❛♥❞ ✶✳
❙✉♣♣♦s❡ t❤❛t ✇❤❡♥ t❤❡ ✐♥❞❡♣❡♥❞❡♥t t❛s❦ i ✐s s❝❤❡❞✉❧❛❜❧❡✱
♣r♦❝❡ss♦r ✶ ✐s r❡❛❞② ❛t t✐♠❡ ✹ ❛♥❞ ♣r♦❝❡ss♦r ✷ ✐s r❡❛❞② ❛t
t✐♠❡ ✺✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡✿
• T❡♥❞
i
1 = 6✱ T❡♥❞
i
1 × λ1 = 12
✸T❡♥❞
i
j ✐s ❝♦♠♣✉t❡❞ ❜② ❛❞❞✐♥❣ t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❛s❦ i ♦♥
♣r♦❝❡ss♦r j ✭oi × τj✮ t♦ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❡♥❞ t✐♠❡ ♦❢
t❤❡ ❛❧❧ ♣r❡❞❡❝❡ss♦rs ♦❢ i s❛② i′ ♣❧✉s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡
❜❡t✇❡❡♥ j ❛♥❞ j′ ✭lj′,j✮ ❛♥❞ t❤❡ r❡❛❞② t✐♠❡ ♦❢ ♣r♦❝❡ss♦r j✳
!2=1, "2=2
!1=2, "1=1
4 5
Oi=2?
6 9
❋✐❣✉r❡ ✷✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
❍❊❋❚ ✭t❤❛t ✇✐❧❧ ♠❛♣ t❛s❦ i ♦♥ ♣r♦❝❡ss♦r ✶✮ ❛♥❞
❘❍❊❋❚ ✭t❤❛t ✇✐❧❧ ♠❛♣ t❛s❦ i ♦♥ ♣r♦❝❡ss♦r ✷✮
✳
• T❡♥❞
i
2 = 9✱ T❡♥❞
i
2 × λ2 = 9
❚❤✐s ♠❡❛♥s t❤❛t ❍❊❋❚ ✇✐❧❧ ♠❛♣ t❛s❦ i ♦♥ ♣r♦❝❡ss♦r ✶ ❛♥❞
❘❍❊❋❚ ✇✐❧❧ ♠❛♣ ✐t ♦♥ ♣r♦❝❡ss♦r ✷✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✐❢ ❛ t❛s❦ i′ ✐s s✉❜♠✐tt❡❞ ❛❣❛✐♥
❛❢t❡r i ❤❛s ❜❡❡♥ ♠❛♣♣❡❞ ♦♥ ♣r♦❝❡ss♦r ✷✱ ✇✐t❤ t❤❡ s❛♠❡ ❝❤❛r✲
❛❝t❡r✐st✐❝ ✭oi′=2✮ t❤❡♥ ❘❍❊❋❚ ✇✐❧❧ ♠❛♣ ✐t ♦♥ ♣r♦❝❡ss♦r ✶
❜❡❝❛✉s❡
T❡♥❞
i′
1 × λ1 = 6× 2 = 12 ❛♥❞ T❡♥❞
i′
2 × λ2 = 13× 1 = 13✳
6.2 Toward a better trade-off
❘❍❊❋❚ t❡♥❞s t♦ ❢❛✈♦r ♣r♦❝❡ss♦rs ✇✐t❤ ❤✐❣❤ r❡❧✐❛❜✐❧✐t② ❜✉t
❤❛✈❡ ❛ ❢❛✐r❧② ❣♦♦❞ s♣❡❡❞✳ ■t ♠❛② ❤❛♣♣❡♥ t❤❛t t❤❡ ✉s❡r ✇❛♥ts
t♦ ❝❤♦♦s❡ ✈❛r✐♦✉s tr❛❞❡✲♦✛s ❜❡t✇❡❡♥ s♣❡❡❞ ❛♥❞ r❡❧✐❛❜✐❧✐t②✳
■♥ t❤✐s ❝❛s❡ ✇❡ ❝❛♥ ❣❡♥❡r❛❧✐③❡ t❤❡ ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞ ✐♥
s❡❝t✐♦♥ ✺✳ ❆❣❛✐♥✱ ♦♥❡ ✐❞❡❛ ❤❡r❡ ✐s t♦ ❧✐♠✐t t❤❡ ✉s❛❣❡ t♦ k
♣r♦❝❡ss♦rs ✭k ❣✐✈❡♥ ❜② t❤❡ ✉s❡r✮ ❛♠♦♥❣ t❤❡ m ❛✈❛✐❧❛❜❧❡✳
❲❡ ❤❛✈❡ ❡①♣❡r✐♠❡♥t❛❧❧② t❡st❡❞ s❡✈❡r❛❧ ✇❛②s t♦ s♦rt ♣r♦✲
❝❡ss♦rs ✐♥ ♦r❞❡r t♦ ❝❤♦♦s❡ k ♦✉t ♦❢ t❤❡ m ❛✈❛✐❧❛❜❧❡✳ ❆s
s✉❣❣❡st❡❞ ❜② ❚❤❡♦r❡♠ ✹✱ ❡①♣❡r✐♠❡♥ts ❤❛✈❡ s❤♦✇♥ t❤❛t ✇❡
❤❛✈❡ t♦ ❝❤♦♦s❡ t❤❡ k ♣r♦❝❡ss♦rs t❤❛t ❤❛✈❡ t❤❡ s♠❛❧❧❡st λτ
♣r♦❞✉❝t ✜rst✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❋✐❣✉r❡s ✸✱ ✹ ❛♥❞ ✺✱ ✇❡ ❤❛✈❡
t❡st❡❞ t❤❡ ❍❊❋❚ ❛♥❞ ❘❍❊❋❚ ♦♥ t❤❡ ❙tr❛ss❡♥ t❛s❦ ❣r❛♣❤
✇✐t❤ ♠♦r❡ t❤❛♥ ✹✽✵✵ t❛s❦s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠❛tr✐①
♠✉❧t✐♣❧② ♦❢ ✶✵✵✵ ❜❧♦❝❦s ❜② ✶✵✵✵ ❜❧♦❝❦s✮✳ ❲❡ ❤❛✈❡ ❣❡♥❡r❛t❡❞
r❛♥❞♦♠❧② ❛ s❡t ♦❢ ✶✵✵ ♠❛❝❤✐♥❡s ✇❤❡r❡ λ ✐s ❝❤♦s❡♥ ✉♥✐❢♦r♠❧②
✐♥ [10−2, 10−3] ❛♥❞ τ ✐s ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ✐♥ [10−5, 10−7]✳
❚❤❡s❡ ♥✉♠❜❡rs ❛r❡ ♥♦t ✈❡r② r❡❛❧✐st✐❝ ❜✉t ♣r♦✈✐❞❡ ❝♦♠♣r❡✲
❤❡♥s✐✈❡ r❡s✉❧ts t❤❛t ❛r❡ ❡❛s② t♦ r❡❛❞ ♦♥ t❤❡ ❣r❛♣❤s✳ ❊①♣❡r✐✲
♠❡♥ts ♠❛❞❡ ✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ❧❡❛❞ t♦ s✐♠✐❧❛r r❡s✉❧ts✳ ■♥
❡❛❝❤ ♦❢ t❤❡s❡ ✜❣✉r❡s✱ ✇❡ ♣❧♦t t❤❡ ♠❛❦❡s♣❛♥ ✭② ❛①✐s ♦♥ t❤❡
❧❡❢t✮ ❛♥❞ t❤❡ r❡❧✐❛❜✐❧✐t② ✭②✲❛①✐s ♦♥ t❤❡ r✐❣❤t✮ ✇❤❡♥ ✇❡ ✉s❡
❜❡t✇❡❡♥ ♦♥❡ ❛♥❞ ✶✵✵ ♣r♦❝❡ss♦rs ✭①✲❛①✐s✮✳ ■♥ ❋✐❣✳ ✸ ✭r❡s♣✳
❋✐❣✳ ✹✱ ❋✐❣✳ ✺✮✱ ✇❤❡♥ ✇❡ ✉s❡ ❧❡ss t❤❛♥ ✶✵✵ ♣r♦❝❡ss♦rs ✇❡
❝❤♦♦s❡ t❤❡ ♠♦st r❡❧✐❛❜❧❡ ✭r❡s♣✳ t❤❡ ❢❛st❡st✱ t❤❡ ♦♥❡s ✇✐t❤
t❤❡ s♠❛❧❧❡st λτ ✈❛❧✉❡✮ ✜rst✳
❘❡s✉❧ts s❤♦✇ t❤❛t ✇❤❡♥ ✇❡ ♦r❞❡r t❤❡ ♣r♦❝❡ss♦r ❜② r❡❧✐✲
❛❜✐❧✐t②✱ ✇❡ ❣❡t ❛ ✈❡r② ❜❛❞ ♠❛❦❡s♣❛♥ ✇❤❡♥ ✇❡ ✉s❡ ❛ s♠❛❧❧
♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs✱ ❛♥❞ t❤❡ r❡❧✐❛❜✐❧✐t② ✐s ❛❧s♦ ❧♦✇✳ ❲❡
❝❛♥ ✐♠♣r♦✈❡ t❤❡ ♠❛❦❡s♣❛♥ ❜② ♦r❞❡r✐♥❣ ♣r♦❝❡ss♦rs ❜② s♣❡❡❞
❜✉t✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ r❡❧✐❛❜✐❧✐t② ✐♥❝r❡❛s❡s ✇❤❡♥ ✇❡ ❛❞❞ s♦♠❡
♣r♦❝❡ss♦rs ✭✐t r❡❛❝❤❡s ✵✳✽ ❢♦r ✶✺ ♣r♦❝❡ss♦rs✮✳ ❲❤❡♥ ✇❡ ♦r❞❡r
t❤❡ ♣r♦❝❡ss♦rs ❜② ✐♥❝r❡❛s✐♥❣ λτ ✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ r❡❧✐❛❜✐❧✐t②
s❧♦✇❧② ❞❡❝r❡❛s❡s ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ ♦♥❡ ✭✇✐t❤ ♦♥❡ ♣r♦❝❡ss♦r✮✱
t♦ ✵✳✻ ✇✐t❤ ✶✵✵ ♣r♦❝❡ss♦r✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❛❦❡s♣❛♥ ✐s ❛
❧✐tt❧❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ ✇❡ ♦r❞❡r t❤❡ ♣r♦✲
❝❡ss♦rs ❜② s♣❡❡❞✳ ❇✉t t❤❡ r❛t✐♦ ♦❢ t❤❡ t✇♦ ♠❛❦❡s♣❛♥s ✐s ♥♦t
✈❡r② ❧❛r❣❡✳ ❍❡♥❝❡✱ ❤❡r❡ ❛❣❛✐♥✱ ✇❡ s❡❡ t❤❛t ✇❡ ❝❛♥ ♣r♦✈✐❞❡ ❛
❣♦♦❞ ✇❛② t♦ ❝❤♦♦s❡ ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ♠❛❦❡s♣❛♥ ❛♥❞ r❡❧✐❛✲
❜✐❧✐t② ✐❢ ✇❡ ♦r❞❡r t❤❡ ♣r♦❝❡ss♦r ❜② ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡ ♦❢ t❤❡ λτ
♣r♦❞✉❝t ❛♥❞ ✉s❡ ❛s ❢❡✇ ❛s ♣♦ss✐❜❧❡ ♣r♦❝❡ss♦rs t♦ ♠❡❡t t❤❡
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❋✐❣✉r❡ ✻✿ ■♠♣❛❝t ♦❢ t❤❡ ❝♦♠♣r♦♠✐s❡ ✈❛r✐❛❜❧❡ ♦♥ ✶✵✵ ♣r♦❝❡ss♦rs ✭α = 0⇒ ❘❍❊❋❚❀ α = 1⇒ ❍❊❋❚✮✳
♠❛❦❡s♣❛♥ ❣♦❛❧✳
■♥ ❡❛❝❤ ✜❣✉r❡ ✇❡ ❤❛✈❡ ❛❧s♦ ♣❧♦tt❡❞ t❤❡ r❡❧✐❛❜✐❧✐t② ❛♥❞ t❤❡
♠❛❦❡s♣❛♥ ❣✐✈❡♥ ❜② t❤❡ ❍❊❋❚ ❤❡✉r✐st✐❝ ✇❤❡♥ ✉s✐♥❣ ❜❡t✇❡❡♥
♦♥❡ ❛♥❞ ✶✵✵ ♣r♦❝❡ss♦rs✳ ❲❡ ✜♥❞ t❤❛t ✇❤❡♥ ✇❡ ✉s❡ ♦♥❡
♣r♦❝❡ss♦r ✇❡ ❣❡t t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠❛❦❡s♣❛♥ ❛♥❞ t❤❡
r❡❧✐❛❜✐❧✐t②✱ ✇❤✐❧❡ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥❝r❡❛s❡s ✉♣ t♦ ✶✵✵ ♣r♦❝❡ss♦rs
✇❤❡r❡ M❍❊❋❚ = 5.28 ✇❤❡♥ M❘❍❊❋❚ = 8.33 ❛♥❞ R❍❊❋❚ =
0.51 ✇❤❡♥ R❘❍❊❋❚ = 0.63✳
■❢ ❛ ✉s❡r ✇❛♥ts ❘❍❊❋❚ t♦ ❤❛✈❡ ❛ ❜❡❤❛✈✐♦r ❝❧♦s❡r t♦ ❍❊❋❚✱
✇❡ ❝❛♥ ♠♦❞✐❢② t❤❡ ❘❍❊❋❚ ❤❡✉r✐st✐❝ ✇✐t❤ ❛ tr❛❞❡✲♦✛ ✈❛r✐✲
❛❜❧❡ α✱ s✉❝❤ t❤❛t ✇❤❡♥ α = 1 ✇❡ s✇✐t❝❤ t♦ ❍❊❋❚ ❛♥❞ ✇❤❡♥
α = 0 ✇❡ s✇✐t❝❤ t♦ ❘❍❊❋❚✱ ❛♥❞ ❢♦r ❛♥② ✈❛❧✉❡ α ❜❡t✇❡❡♥ 0
❛♥❞ 1 t❤❡ ❤❡✉r✐st✐❝ ❜✉✐❧❞s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ s♦❧✉t✐♦♥✳ ■♥ ❋✐❣✲
✉r❡ ✻✱ ✇❡ s❤♦✇ ❤♦✇ t❤❡ ♠❛❦❡s♣❛♥ ❛♥❞ t❤❡ r❡❧✐❛❜✐❧✐t② ❝❤❛♥❣❡
✇❤❡♥ α ✈❛r✐❡s ❢r♦♠ ✵ t♦ ✶✳ ❍❡r❡ ✇❡ ❤❛✈❡ ❡①♣❡♥❞❡❞ α ❜②
♣✉tt✐♥❣ α = e1−1/α ✇❤❡♥ α 6= 0 ❢♦r ✈✐s✉❛❧✐③✐♥❣ t❤❡ ✐♥✢✉❛♥❝❡
♦❢ s♠❛❧❧ ✈❛❧✉❡ ♦❢ t❤❡ tr❛❞❡✲♦✛ ✈❛r✐❛❜❧❡✳
❲❡ s❡❡ t❤❛t ❜② s❡tt✐♥❣ t❤❡ α tr❛❞❡✲♦✛ ✈❛r✐❛❜❧❡ t♦ ❛ ✈❛❧✉❡
❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✱ t❤❡ ✉s❡r ❝❛♥ ❝❤♦♦s❡ ❛ ❤❡✉r✐st✐❝ ✇✐t❤ ❛
❜❡❤❛✈✐♦r ❜❡t✇❡❡♥ t❤❡ ❍❊❋❚ ❛♥❞ ❘❍❊❋❚✳
6.3 Extending to other heuristics
■t ✐s ❡❛s② t♦ ❡①t❡♥❞ ♦t❤❡r s❝❤❡❞✉❧✐♥❣ ❤❡✉r✐st✐❝s ❢♦r ❤❡t❡r♦✲
❣❡♥❡♦✉s s②st❡♠ t♦ t❛❦❡ r❡❧✐❛❜✐❧✐t② ✐♥t♦ ❛❝❝♦✉♥t✳ ■t ❛♣♣❡❛rs
t♦ ❜❡ str❛✐❣❤t ❢♦r✇❛r❞ ❢♦r ❤❡✉r✐st✐❝s s✉❝❤ ❛s ❢♦r t❤❡ ❇■▲ ❬✶✷❪✱
P❈❚ ❬✶✶❪✱ ●❉▲ ❬✶✹❪ ♦r ❈P❖P ❬✽❪✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❈P❖P
✐t r❡q✉✐r❡s t♦ ❝❤❛♥❣❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❝r✐t✐❝❛❧ ♣❛t❤ ❜② ♠✉❧t✐♣❧②✲
✐♥❣ t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ t❛s❦s ❜② t❤❡ ❢❛✐❧✉r❡ r❛t❡ ✭λ✮ ♦❢ t❤❡
♣r♦❝❡ss♦r ♦♥ ✇❤✐❝❤ ✐t ✐s ♠❛♣♣❡❞✳
❍❡r❡✱ ❛❧s♦✱ ✇❡ ❝❛♥ ✉s❡ ❧❡ss t❤❛♥ ❛❧❧ t❤❡ ❛✈❛✐❧❛❜❧❡ ♣r♦❝❡ss♦rs
t♦ ✐♥❝r❡❛s❡ t❤❡ r❡❧✐❛❜✐❧✐t② ❛♥❞ ❞❡❝r❡❛s❡ t❤❡ ♠❛❦❡s♣❛♥✳ ❲❡
❝❛♥ ❛❧s♦ ✉s❡ t❤❡ tr❛❞❡✲♦✛ ✈❛r✐❛❜❧❡ t♦ ❝❤♦♦s❡ ❛ ❞✐✛❡r❡♥t ❝♦♠✲
♣r♦♠✐s❡ ❜❡t✇❡❡♥ t❤❡ ♦r✐❣✐♥❛❧ ❤❡✉r✐st✐❝ ❛♥❞ t❤❡ r❡❧✐❛❜✐❧✐t②✲
❡♥❛❜❧❡❞ ♦♥❡✳
7. CONCLUSION
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❝❤❡❞✉❧✐♥❣
t❛s❦s ❣r❛♣❤ ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❢♦r♠s✳ ❲❡ ❤❛✈❡ t❛❝❦❧❡❞
t✇♦ ♠❡tr✐❝s✿ r❡❧✐❛❜✐❧✐t② ❛♥❞ ♠❛❦❡s♣❛♥✳ ❆s t❤❡s❡ t✇♦ ♦❜❥❡❝✲
t✐✈❡s ❛r❡ ✉♥r❡❧❛t❡❞ ❛♥❞ s♦♠❡t✐♠❡s ❝♦♥tr❛❞✐❝t♦r②✱ ✇❡ ♥❡❡❞ t♦
s❡❛r❝❤ ❢♦r ❜✐✲❝r✐t❡r✐❛ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳
■♥ ♣r❡✈✐♦✉s ✇♦r❦✱ s♦♠❡ ❤❡✉r✐st✐❝s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦
s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ❬✽✱ ✹✱ ✷❪✳ ❍♦✇❡✈❡r✱ ♥♦♥❡ ♦❢ t❤❡♠ ❞✐s❝✉ss
t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❣♦♦❞ ❜✐✲❝r✐t❡r✐❛ s❝❤❡❞✉❧✐♥❣
❛❧❣♦r✐t❤♠✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ t❛❝❦❧❡❞ ✐♠♣♦rt❛♥t s✉❜✲
♣r♦❜❧❡♠s ✐♥ ♦r❞❡r t♦ s❡❡ ❤♦✇ t♦ ❡✣❝✐❡♥t❧② s♦❧✈❡ t❤✐s ♣r♦❜✲
❧❡♠✳
❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ r❡❧✐❛❜✐❧✐t② ✐s ❛ ♣♦❧②✲
♥♦♠✐❛❧ ♣r♦❜❧❡♠ ❛♥❞ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ♦♣t✐♠✐③✐♥❣ ❜♦t❤
t❤❡ ♠❛❦❡s♣❛♥ ❛♥❞ t❤❡ r❡❧✐❛❜✐❧✐t② ✐s ♥♦t ❛♣♣r♦①✐♠❛❜❧❡✳
❋♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ✇❡ s❝❤❡❞✉❧❡ ✐♥❞❡♣❡♥❞❡♥t ✉♥✐t❛r② t❛s❦s✱
✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ t❤❛t ✜♥❞s✱
❛♠♦♥❣ t❤❡ s❝❤❡❞✉❧❡s t❤❛t ❞♦ ♥♦t ❡①❝❡❡❞ ❛ ❣✐✈❡♥ ♠❛❦❡s♣❛♥✱
t❤❡ ♦♥❡ ✇✐t❤ t❤❡ ❜❡st r❡❧✐❛❜✐❧✐t②✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t
♥♦♥✲✉♥✐t❛r② t❛s❦s ❛♥❞ ✉♥✐❢♦r♠ ♣r♦❝❡ss♦rs✱ ✇❡ ❤❛✈❡ ❤✐❣❤✲
❧✐❣❤t❡❞ t❤❡ r♦❧❡ ♦❢ t❤❡ ④❢❛✐❧✉r❡ r❛t❡⑥ × ④✉♥✐t❛r② ✐♥str✉❝✲
t✐♦♥ ❡①❡❝✉t✐♦♥ t✐♠❡⑥ ✭λτ✮✳ ❇❛s❡❞ ♦♥ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤✐s
♣r♦❞✉❝t✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❧❡t t❤❡ ✉s❡r ❝❤♦♦s❡ ❛ tr❛❞❡✲♦✛ ❜❡✲
t✇❡❡♥ ♠❛❦❡s♣❛♥ ❛♥❞ r❡❧✐❛❜✐❧✐t② ❜② s❝❤❡❞✉❧✐♥❣ t❤❡ t❛s❦s ♦♥
❛ ❣✐✈❡♥ s✉❜s❡t ♦❢ t❤❡ ♣r♦❝❡ss♦rs ✭t❤❡ ♦♥❡s ✇✐t❤ t❤❡ s♠❛❧❧❡st
λτ ✈❛❧✉❡✮✳ ❋♦r ❣❡♥❡r❛❧ t❛s❦ ❣r❛♣❤s✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✐t
✐s ❡❛s② t♦ ❡①t❡♥❞ ♠♦st ♦❢ t❤❡ ❤❡✉r✐st✐❝s ❞❡s✐❣♥❡❞ ❢♦r ♦♣t✐✲
♠✐③✐♥❣ t❤❡ ♠❛❦❡s♣❛♥ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡❧✐❛❜✐❧✐t②✳
❍❡r❡ ❛❣❛✐♥✱ ❜❛s❡❞ ♦♥ ♦✉r ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❡
✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ λτ ♣r♦❞✉❝t✳ ❚❤✐s ❤❡❧♣s t❤❡ ✉s❡r t♦ ❝❤♦♦s❡
❛ tr❛❞❡✲♦✛ ❜② s❡❧❡❝t✐♥❣ ❛ s✉❜s❡t ♦❢ t❤❡ ❛✈❛✐❧❛❜❧❡ ♣r♦❝❡ss♦rs✳
❚❤❡ str❛t❡❣② ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ s❝❤❡❞✉❧❡ t❛s❦s ♦♥ ②♦✉r ❢❛st❡st
❛♥❞ ♠♦st r❡❧✐❛❜❧❡ ♣r♦❝❡ss♦rs ❛♥❞ ✉s❡ ❛s ❢❡✇ ♣r♦❝❡ss♦rs ❛s
♣♦ss✐❜❧❡ t♦ ♠❡❡t t❤❡ ♠❛❦❡s♣❛♥ ❣♦❛❧✳
■❢ r❡q✉✐r❡❞✱ ✇❡ ❛❧s♦ ♣r♦♣♦s❡ ❛❞❥✉st✐♥❣ t❤❡ ❝♦♠♣r♦♠✐s❡ ❜❡✲
t✇❡❡♥ t❤❡ ♦r✐❣✐♥❛❧ ❤❡✉r✐st✐❝ ❛♥❞ t❤❡ r❡❧✐❛❜✐❧✐t②✲❡♥❛❜❧❡❞ ♦♥❡✳
❆❧❧ t❤❡s❡ r❡s✉❧ts ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r ❡❛❝❤ r❡✲
s♦✉r❝❡✱ t❤❡ ♣r♦❞✉❝t λτ ❣✐✈❡s t❤❡ ❜❡st ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥
s♣❡❡❞ ❛♥❞ r❡❧✐❛❜✐❧✐t②✳
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